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More than 20 years ago, Tanner [Ann. N.Y. Acad. Sci. 89, 752 (1961)] noted that observers asked to detect a signal
act as though they are uncertain about the physical characteristics of the signal to be detected. The popular as-
sumptions of probability summation and decision variable, taken together, imply this uncertainty. This paper de-
fines an uncertainty model of visual detection that assumes that the observer is uncertain among many signals and
chooses the likeliest. With only four parameters, the uncertainty model explains why d” is approximately a power
function of contrast (“nonlinear transduction™) and accurately predicts effects of summation, facilitation, noise,
subjective criterion, and task for near-threshold contrasts. Thus the uncertainty model offers a synthesis of much
of our current understanding of visual contrast detection and discrimination.

1. INTRODUCTION

This paper is about an explanation of visual contrast detection
and near-threshold contrast discrimination, especially how
they depend on the signal’s contrast and extent and on the
observer’s subjective criterion. It seems likely that a closely
analogous explanation could be made for auditory detection
and discrimination, but that will not be attempted here.

Attempts to model human detection performance have
often first considered the ideal observer of an exactly known
signal. For example, the fluctuation theory of Rose! and de
Vries? assumed that the observer would count photons in the
area and duration of the disk to be detected and ignore ev-
erything else. This is possible only if the observer knows, in
advance, the time and place and the size and duration of the
signal. Signal-detection theory introduces the concept of an
ideal observer that uses the available information to detect
the signal with maximum reliability. Rose and de Vries as-
sumed that the observer knew the signal exactly and was ideal
except for having a low transduction efficiency.

Detectability of a signal by an observer is measured by d’,
which is computed from the observer’s performance. If the
human observer acted ideally (as suggested by Rose and de
Vries), then detectability, d’, would be proportional to signal
contrast.? However, it is now well established that d’ arises
as a power greater than 1 (typically 2) of signal contrast
whether the signal is a spot*® or a sinusoidal grating.10-12
Since d’ has often been thought of as the mean of an internal
effect of the stimulus, the finding that d’ is nonlinearly related
to signal contrast has often been called nonlinear transduction.
However, this name may be misleading. Tanner® noted that
an ideal observer of one of many possible signals has the
nonlinear psychometric functions (i.e., d” = ¢?, b > 1) observed
experimentally for human detection of exactly known signals.
Tanner suggested that the ideal-detection-of-a-signal-
known-exactly model of human performance might be wrong
in assuming exact knowledge of the signal:

An examination of our procedure indicates there might he
uncertainty both as to the time and location of the signal
presentation. ... The uncertainty may be introduced at
a central rather than retinal level, suggesting that one
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should not try to account for nonlinearities at the level of
the end-organ, to the exclusion of central hypotheses.

This paper is an examination of Tanner’s suggestion.

The hypothesis to be tested is that the observer expects one
of many possible signals and chooses the likeliest. Uncer-
tainty increases threshold for detection of a given signal be-
cause the subject’s decision must be based on many noisy
measurements, one for each possible signal.

The cause of the uncertainty is not relevant here. The
uncertainty may be intrinsic (in the observer), extrinsic (in
the stimulus), or both. The experimenter introduces extrinsic
uncertainty by randomly presenting one of many possible
signals. The subject is intrinsically uncertain if he acts as
though one of many possible signals is to be presented even
when the experimenter has indicated which is to be presented.
Furthermore, one can imagine two kinds of intrinsic uncer-
tainty. An observer might be unable to remember the set of
possible signals, or he might know them but be unable to apply
that knowledge to the detection task. All that matters here
is the total uncertainty: the set of signals that the observer
seems to expect. The dimensions of the uncertainty are ir-
relevant. The observer may be uncertain about when the
signal will be presented, or where,; or may be uncertain along
any other physical dimension, such as spatial frequency. It
makes no difference to performance in the experiments con-
sidered here and thus will not be discussed here. What is
important is how much uncertainty there is.

The uncertainty model (also called multiple-band filter
model with a largest-of detector, disjunctive receiver, and
channel uncertainty model) is the maximum-likelihood re-
ceiver for signals in white noise. It has been repeatedly sug-
gested for visual571L13-18 and auditory!7-19:20 detection.
Nevertheless, I believe that most of its properties as a detector
in the relevant psychophysical tasks are documented here for
the first time.

Section 2 will show that, taken together, the probability-
summation and decision-variable assumptions imply uncer-
tainty and a maximum-of decision rule, strongly suggestive
of a maximum-likelihood receiver. Section 3 reviews classical
sighal-detection theory, beginning with the optimal strategy
for signal detection and showing how successively more de-

¢ 1985 Optical Society of America




Denis G. Pelli

tailed specifications of the signals eventually yield a model
whose performance cdn be analyzed: the uncertainty model.
Section 4 defines the uncertainty model and derives the
equations that define its performance. Each subsequent
section examines one aspect of human detection performance,
showing that in each case the uncertainty model is at least as
successful as all previous explanations. Effects of contrast
are examined in Section 5, extent in Section 6, subjective
criterion in Section 7, task in Sections 8 and 9, and noise in
Section 10.

Notation
A, contrast-normalization factor, A = c¢/c’.
b, log-log steepness parameter in expression d’ « c¢®b.
¢, Michelson contrast, ¢ = (Lmax — Lmin)/{Lmax — Lmin)-
¢’, normalized signal contrast, ¢’ = ¢/A; see Subsection 4.C.
d’, detectability, for two-alternative forced choice, d’ =
AV 2d-1(P).
G, probability of an irrelevant hit: irrelevant-hit rate.
K, number of receptive fields (expected signals) stimulated
by the actual signal.
M, amount of uncertainty: the number of expected sig-
nals.
P(c), probability of a hit: hit rate.
P(0), probability of a hit at zero contrast: false-alarm
rate.
P#*(c), probability of a relevant hit: relevant-hit rate.
«, Weibull function parameter, the threshold contrast at
which the hit rate is 1 — (1 — y)/e.
o, normalized threshold contrasts, o = o/A.
B, Weibull function parameter that controls the log-log
steepness.
v, Weibull function parameter, the false-alarm rate.
X, subjective criterion.
®(x), the cumulative normal probability distribution.
$-1(P), the inverse cumulative normal distribution, i.e., x
= $-1P(x)].

2. PROBABILITY SUMMATION AND THE
DECISION VARIABLE

The uncertainty model is little more than the combination of
two popular assumptions about visual detection: the prob-
ability-summation assumption and the decision-variable as-
sumption. Together these two assumptions imply uncer-
tainty.

A. Probability-Summation Assumption
A yes-no trial consists of a single presentation that is.either
a signal or a blank. The subject responds either “yes,” the
signal was presented, or “‘no,” it was not. A hit is a yes given
in response to a signal presentation. A false alarm is a yes
given in response to a blank presentation.

A two-alternative forced-choice (2afc) trial consists of two
presentations, one a signal and the other blank, in random
order. The subject must choose which presentation was the
signal. A hit is a correct choice.

For either kind of trial, a zero-contrast hit is a hit at zero
signal contrast. A zero-contrast signal is physically identical
to a blank. Thus the probability of a zero-contrast hit is the
same as the probability of a false alarm.
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The idea of probability summation is that there are many
independent reasons for detecting a signal and any of these
reasons Is sufficient to detect the signal successfully, i.e., cause
a hit. Thus two quite different stimuli presented simulta-
neously are slightly more detectable than either is alone, be-
cause the observer has two independent chances at detection.
This idea has heen successful in explaining summation effects,
that is, experiments that measured detectability or threshold
as a function of number of signals or signal extent.

Probability summation assumes that the relevant reasons
never, or at least hardly ever, cause hits at zero signal contrast.
However, since observers do occasionally make zero-contrast
hits, it is necessary also to suppose irrelevant reasons for hits.
Thus, altogether, probability summation requires that there
be independent reasons for hits, some relevant and some ir-
relevant.

Figure 1 represents the probability-summation assumption.
The assumption has four parts:

First, it asserts that hits occur for either (or both) of two
types of reason: relevant and irrelevant. By definition, the
probability of a relevant hit (a “true” hit) depends on signal
contrast, and the probability of an irrelevani hit (a “guess”)
is independent of signal contrast.

Second, these two types of hit are stochastically indepen-
dent. Thus the hit rate (i.e., probability) P(c) as a function
of contrast c is the “probability sum” of the irrelevant-hit or
guess rate G, which is contrast independent, and the rele-
vant-hit rate P*(c), which is contrast dependent:

P(e)=1=(1 =01 = P*(c)). 2.1

(Note that this assumption does allow the hit rates to depend
on nonstochastic factors, such as the task, or a subjective
criterion.)

Third, if there is more than one relevant or irrelevant reason
for a hit, then they are all stochastically independent, so
that

M K
Pey=1- [ -Gy ]Il 1A-P}, (2.2)
i=K+1 i=1

> relevant reason —— Y25

yas/no
relevant regson  — ety

signal yes /no
3

ar
blank

yes/no
irrelevont reasgn ooy

yes/no,
irrelevant regson s

Fig. 1. The probability-summation assumption. The stimulus,
either a signal or a blank, is a function of space and time. The arrows
on the left are broad to indicate the transmission of an entire function.
The thin arrows on the right designate transmission of simple scalar
quantities, in this case yes or no. The stimulus may cause a yes for
any of many relevant reasons.. A yes may also occur for any of many
irrelevant reasons. The long box labeled “or” will cause the observer
to say “yes” if any of the reasons produces a yes.
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which reduces to Eq. (2.1), where G is the total irrelevant-hit
rate

M
G=1- T[]

i=K+1
and P*(c) is the total relevant-hit rate

1-Gy (2.3)

Pre)=1— ﬁl [1 - P3{o)]. (2.4)

Finally, and most important, assume that we may correct
for guessing,’ that is, recover the relevant-hit-rate function
P*(c) from the hit-rate function P{c) by the following for-
mula:

P*(c)~1 - [1 — P(c)]/[1 - P(0)). (2.5)

Glancing at Eq. (2.1), we see that this is equivalent to asserting
that the zero-contrast-hit rate P(0) is approximately equal to
the irrelevant-hit rate G:

P(O) ~ G. (2.6)

Given Eq. (2.1), this is equivalent to requiring that when the
irrelevant-hit rate G is not close to 1, then the zero-contrast
relevant-hit rate P*(0) is approximately zero:

if G % 1 then P*(0) =~ 0. (2.7)

This completes the probability-summation agsumption.

Expressions (2.5)-(2.7) are written as approximations be-
cause it would be physically impossible to satisfy them exactly.
However, most measurements are not sufficiently precise to
distinguish a very small zero-contrast relevant-hit rate P*{(0),
say, less than 3%, from zero.

The physical impossibility of satisfying expressions (2.5)—
(2.7) exactly results from the photon nature of light. All visual
stimuli are mediated by photon absorptions in the retina.
Since photon absorptions are a random process, any pattern
of absorptions produced at nonzero contrast can also occur
at zero contrast, although generally with much lower proba-
bility. Thus any observer state (e.g., a relevant hit) that can
occur at nonzero contrast can also oceur at zero contrast. The
occurrence of even a single relevant hit when the contrast is
zero and the irrelevant-hit rate is less than 1 would violate the
exact form of expressions (2.5)-(2.7).

B. Decision-Variable Assumption
Now consider effects of the subjective criterion. It is well
known that observers can be induced to increase or reduce
their caution in saying yes and that the degree of caution af-
fects the probability of saying yes on both signal and blank
trials. If the data are corrected for guessing, it is found that
the relevant- and irrelevant-hit rates covary. A convenient
explanation of this is the decision-variable assumption, which
comes from signal-detection theory. The key idea is that
observers combine everything that they sense about the
stimulus into a scalar quantity called a decision variable and
make their decisions on the basis of this number.34.10.21-23
Figure 2 represents the decision-variable assumption. The
assumnption has three parts. First, the observer’s responses
in all contrast-detection and -discrimination tasks (e.g., rating
scale, yes-no, 2afc) depend on each stimulus presentation only
by means of a scalar quantity, a hypothetical internal effect,
called the decision variable. Second, the likelihood ratio that
a signal, as opposed to a blank, was presented increases
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monotonically with the decision variable. Third, the decisions
are based on the decision variable in the ideal way.

The ideal way to use a decision variable is specified in the
theory of signal detectability, in which the decision variable
is always the likelihood ratio of signal versus blank presen-
tation. In yes-no, as illustrated in Fig. 2, the observer says
“yes” only if the decision variable exceeds some subjective
criterion; in rating scale the observer gives ratings monoton-
ically related to the decision variable; and in multiple-interval
forced-choice experiments the observer chooses the interval
that produced the largest value of the decision variable.

C. Combined Assumption

The two assumptions are appealing. Probability summation
explains summation effects, and the decision variable explains
effects of the subjective criterion. Together they explain even
more and imply uncertainty.

Figure 3 shows the combined assumption. Again the
stimulus is a signal or a blank, a function of space and time.
It affects the relevant variables, Ly, ..., L. Irrelevant
variables, Lk 1, ..., Ly, also produce values on each pre-
sentation. The maximum value is passed by the long box to
become the decision variable L. The decision-variable as-
sumption is satisfied because the stimulus is reduced to a
single number, which is used as a decision variable. The in-
dependence requirement of probability summation is satisfied
because any variable will cause a yes response if it exceeds the
subjective criterion A.

If the formal equivalence of Fig. 3 to the combination of
Figs. 1 and 2 is not apparent, consider replacing each of the
reasons in Fig. 1 with a variable that is to be compared with
A. The probability-density function of the variable must be
such that its probability of exceeding A equals the probability

signal

es/ng
yes/no,

= L
> decision voriobte —eese)

or
blank

Fig. 2. The decision-variable assumption, The stimulus is either
a signal or a blank, a function of space and time. All the information
about the stimulus is somehow reduced to a scalar quantity L, which
is the decision variable. The observer says “yes” if the decision
variable L exceeds the subjective criterion A and says “no” other-
wise,

r’ > relavant variable ﬁ,,,,_l-vl_‘;,

L. )

> relevant varicble m----wuL«'L.;
signal
or

blank

es/
L, yes/no,

mgximuym

irrelevant variaoble =4

.
. Lm
irrelevant variable -~

Fig. 3. The probability-summation and decision-variable assump-
tions. The stimulus is a signal or a blank. It affects the relevant
variables, Ly, ..., Lg. Irrelevant variables, Ly41, ..., Ly, also
produce values on each presentation. The maximum value is passed
by the long box to hecome the decision variable L.




Denis G. Pelli

of the reason it replaces. Now note that one or more of these
variables will exceed A if and only if their maximum exceeds
A

Specifically, the combined assumption states that the ob-
server uses a decision variable equal to the maximum of M
stochastically independent variables, some of which are rel-
evant (i.e., contrast dependent) and some of which are irrel-
evant (i.e., contrast independent). Furthermore, although
there is no way to indicate it on Fig. 3, the correction-for-
guessing part of the probability-summation assumption re-
quires [expression (2.6)] that the zero-contrast-hit rate be
almost entirely due to irrelevant hits. In other words, at zero
contrast the maximum variable is almost always irrelevant.

So where is the uncertainty? Well, why does the observer
monitor the irrelevant variables? Why does he or she not
ignore them? The observer acts as though he were uncertain
about which variables were relevant. He acts as though, not

knowing which variables are sensitive to the signal, he moni-.

tors all the variables that he thinks might be relevant.

D. Discussion

The derivation of the combined assumption may seem strange
to some readers since the two assumptions are usually pre-
sented as incompatible. That is because typical definitions
of probability summation also make the high-threshold as-
sumption.2d The high-threshold assumption attributes the
irrelevant hits to intentional guessing by the observer, such
that the observer can change either the relevant- or the ir-
relevant-hit rate without affecting the other. Inother words,
the high-threshold assumption asserts that the irrelevant-hit
rate G is independent of the subjective criterion, contrary to
the decision-variable assumption, which states that all yes—no
responses are based on comparisons of the decision variable
and the subjective criterion. Criterion independence of the
irrelevant-hit rate has been repeatedly disproved by showing
that when subjects are induced to reduce their subjective
criterion (be less cautious), the irrelevant- and relevant-hit
rates both go up.371225-27 These data reject the high-
threshold assumption but not probability summation. The
probability-summation assumption is not concerned with any
dependence between the irrelevant-hit rate and the subjective
criterion because probability summation deals with data
presumably collected at a constant irrelevant-hit rate and
subjective criterion. Thus the high-threshold assumption is
disproved, but probability summation stands.

Nachmias!? considered the combined assumption too,
noting that it could satisfy the evidence against the high-
threshold assumption and the evidence for probability sum-
mation in yes—no experiments.

This section has shown that the probability-summation and
decision-variable agsumptions together imply uncertainty.
In the combined assumption illustrated by Fig. 3 it is tempting
to suppose that each of the independent variables L; is a
measure of the likelihood that a particular signal s; was
present. In other words, Fig. 3 is strongly suggestive of a
maximum-likelihood receiver, the subject of the next sec-
tion.

3. SIGNAL-DETECTION THEORY

This section reviews the classical detection theory from which
the uncertainty model arose. People more interested in the
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relation of the theory to the data may wish to skip this section
on their first reading.

A. Optimal Decisions

Fven the earliest papers on signal-detection theory ac-
knowledged that it would often be unreasonable to assume
exact knowledge of the signal to be detected. One alternative
is detection of one of many possible signals.

In many paradigms we ask the observer to classify the
stimulus. The observer entertains several exclusive hy-
potheses (e.g., signal or blank) and chooses one. The optimal
strategy—to minimize the expected error—depends on the
weights assigned to the various types of error that the observer
may make. If the errors (i.e., choosing a wrong hypothesis)
are all equally weighted, then the optimal strategy is to choose
the hypothesis with. maximum posterior probability. Fur-
thermore, if the hypotheses have equal prior probability, then
this is equivalent to choosing the hypothesis with maximum
likelihood.28

B. Equally Probable Signals

So far the discussion has emphasized simple yes—no detection
of a single possible signal. Now consider presentation of one
of two possible signals, s;(x, y, t) or s3(x, ¥, t), in one of two
intervals, 1 or 2. (The restriction to two signals and two in-
tervals is merely for clarity of presentation. All statements
in this section may be generalized in the obvious way to M
signals s1,89,. .. , sy and N intervals 1, 2,...,N.) First, we
could ask the observer to identify the signal as s; or so. Sec-
ond, we could ask the observer to detect which interval the
signal appeared in, I or 2. Or, third, we could ask both,
counting the answer as wrong unless both the identity and the
interval are correct. The optimal strategy is different in all
three cases.

Physically, there are four distinct possibilities for each trial:
signal s1 in interval 1,5, in 2,s2in 1, or sgin 2. Assume that
the four possibilities have equal prior probability so that we
may work with likelihoods instead of posterior probabilities.
Let /; ; represent the likelihood of the simple hypothesis, signal
i in interval j, so we have four likelihoods to compute: {1,
{21, l12, and lps. Let [, ; represent the likelihood of the
compound hypothesis: any signal in interval j. Let [,
represent the likelihood of the compound hypothesis, signal
s; in any interval. The likelihoods of the compound hy-
potheses are obtained by summing the likelihoods of simple
hypotheses:

Lei=2 b (3.1)

bhe=2X i (3.2)

The optimal strategies are easily stated. To identify the
signal, choose the signal i with largest likelihood /; ,, ie.,
largest sum /; ; + [;». To detect the signal (i.e., choose the
interval), choose the interval j with largest likelihood I, ;, i.e.,
largest sum [y ; + l2;. To detect and identify (getting both
right), choose the signal and the interval (i, j) with largest
likelihood i; ;. Note that the separate choices of signal and
interval are not the same as the combined choice. This is
because the separate choices do not have to weigh the cost of
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an error in choosing the other parameter, whereas the com-
bined choice must weigh the cost of an error in both parame-
ters.

The third rule will preoccupy us for the rest of this paper.
It chooses the simple hypothesis that has maximum likeli-
hood. Therefore I will call it a simple maximum-likelihood
receiver. The uncertainty model to be presented in the next
section is a simple maximum-likelihood receiver. The simple
maximum-likelihood receiver always chooses the likeliest
simple hypothesis, so it is optimal in classifying simple hy-
potheses but suboptimal in classifying composite hypoth-
eses.

Now consider 2afc detection, since that and yes—no are the
two tasks that this paper will deal with. From above, the
optimal decision rule is to compare I, ; and I, 5 and to choose
interval 1if [, is larger or 2 if [_ , is larger. This may be
represented symbolically:

1

l*,l =z l*’g. (33)

wgn

The greater-or-less-than sign means: Say 1 if greater than
and say 2 if less than. Substituting from (Eq. 3.2), this be-
comes_

-
Thiz Tl (3.4)
[ wgn {

Any rule that yields the same decisions as relation (3.4) is
equivalent to relation (3.4) and therefore also optimal. Any
rule not equivalent to relation (3.4) will be suboptimal for this
task. Thus the simple maximum-likelihood receiver,

“pn
max ;1 = max!l; g, (3.5)
i wgn 1§

is suboptimal for detection of one of many possible signals,
although it may not be experimentally distinguishable from

‘the optimal rule. When there is only one possible signal, M

= 1, the two rules are equivalent. As in the combined as-
sumption of Section 2, the simple maximum-likelihood re-
ceiver has many variables combined by a maximum-of rule.
Although this is the proposed model for human performance,
its performance depends on details of the signals that have yet
to be specified. Thus to evaluate its performance it is nec-
essary to specify enough properties of the signals to determine
the model’s performance.

C. Equally Probable Signals in White Noise

If the stimulus is the sum of a possible signal and white noise,
then the likelihood [ is given, except for a proportionality
constant, by

lij = explciL; ), (3.8)

where L, ; is the cross correlation of signal s; with the stimulus
from interval j, normalized by the standard deviation of that
cross correlation, and ¢; is the normalized contrast of signal
8.

Normalized contrast ¢’ of a signal is defined as the ratio of
mean to standard deviation of the cross correlation of that
signal with the stimulus presentation of that signal. The
normalized contrast ¢’ is proportional to the physical contrast
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¢. c;is the mean value of L; J when signal { is presented on
interval j.

In practice, it is usual to compute the cross correlations I; J
and unusual to evaluate the likelihoods I; - Thus it is more
common to see decision rules expressed in terms of L; ;. The
optimal detector [relation (3.4}] is

w1

> expleiLin) 2 3 expleiLp). (3.7)

wgr g
The simple maximum-likelihood receiver [relation {3.5)] is

.
max exp(c;L;1) 2 max exp(ciL; ), (3.8)
i wgr g

or, equivalently, since exp x is a strictly increasing function
of x,
.
max c;L;; = maxciL; s (3.9)
i wgn g

D. Equally Probable, Equal-Energy Signals in White
Noise

Define the contrast function s(x, v, £) of any visual stimulus
as the luminance function L(x, y, t) divided by its mean L,
minus 1 (Ref. 29):

S(x, yr t) = L(x’y! t)/Lav - 1'

The contrast energy E of a signal is the integral of the
squared contrast function over space and time3?;

E=‘£: f_: f_:szu,y,t)dxdydt. (3.10)

If all the signals have the same contrast energy, E;, then they
will all have the same normalized contrast ¢, and relation (3.9)
reduces to

o

max L;; =z max L, 5. (3.11)
i “gv g

Graham et al.3! and Yager et al.32 called relation (3.11) a

maximum-output rule and compared its performance with

an adding-of-outputs rule,

-
YLiiz¥X L, (3.12)
: g

Detection and identification of one of two possible signals has
been successfully modeled both by the maximum-output
rule® and by the adding-of-outputs rule.3* The adding-of-
outputs rule is suboptimal. Substitution from relation (3.6)
{which assumes white noise) shows that the adding-of-outputs
rule [relation (3.12)] is equivalent to multiplying the likeli-
hoods I; ;, whereas the eptimal rule [expression (3.4)] adds
them.

E. Equally Probable, Equal-Energy, Orthogonal Signals
in White Noise

As noted above, an optimal way to detect 1 of M equally
probable signals is to evaluate the likelihood of each signal and
sum the likelihoods to determine the overall likelihood of a
signal. Peterson et al.® analyzed the performance of this
ideal (i.e., optimal} detector [relation (3.7)] for M equally
probable equal-energy (all ¢; equal to ¢) orthogonal signals
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in white noise. Since they were considering the yes-no task,
there is only one interval, and the relation for the optimal
detector is

hyes”

Zexp(c’Li,l) z A
i

“no”

(3.13)

Unfortunately the resulting performance equations are dif-
ficult to manipulate, and Peterson et al. were able to provide
only an approximate solution for the ideal’s performance as
a function of the number M and normalized contrast ¢’ of the
signals:
(d)2~In|1 - L + L exp(c’?)]- (3.14)
M M
Nolte and Jaarsma3® solved the original equations numer-
ically for several values of M and ¢’ and published receiver
operating characteristic (ROC) curves. They found that the
approximation of Peterson et al. was aceurate when ¢’ was less
than 1 but extremely inaccurate when ¢’ was as large as 4.
The interesting cases for the purposes of this paper turn out
to have large values of M (i.e., high uncertainty). When M
is greater than 100 the approximation is inaccurate for values
of d’ greater than 0.5, Human psychophysical performance
can be measured with reasonable accuracy and effort only over
'the range of d’ extending from approximately 0.2 to 2, and the
approximation of Peterson et al. is inaccurate over most of this
range. Nolte and Jaarsma’s solutions are accurate, but their
paper could include solutions only for a modest number of
pairs of values of M and ¢’.
Nolte and Jaarsma also calculated the yes—no performance
of the simple maximum-likelihood receiver [relation (3.11)],
which they called a “disjunctive receiver” (after Wainstein
and Zubakov37). They called it a disjunctive receiver because
in yes-no detection it says yes if any of the L; exceeds the
subjective criterion A:

-
maxL;; = A
i no™

(3.15)

We noted that the simple maximum-likelihood receiver is
suboptimal, i.e., it performs less reliably than the ideal de-
tector of 1 of M signals, but Nolte and Jaarsma found that the
performance graphs (ROC curves) were nearly superimposed,
showing that the simple maximum-likelihood receiver is vir-
tually ideal for detection of equally probable equal-energy
signals in white noise. (The range that they examined is1 =
M =5000and 0.7 = ¢’ =4))

F. Generality of the Results

Analysis of maximum-likelihood receivers is usually restricted
to stochastically independent measures of likelihood L;, be-
cause the analysis is otherwise much more difficult. However,
there are some powerful results in the theory of asymptotic
distributions of maxima that show that the statistics of the
maximum are not affected by correlations of the individual
variables as long the correlation is less and less as the variables
are more and more separated (see Galambos,?® especially
Theorems 2.1.3 and 3.8.2). Thus the assumption of inde-
pendence should be understood as an analytic convenience
and not as a major restriction on the applicability of the re-
sults. Even so, for any physiologically plausible modeling it
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will be necessary to understand the consequences of dropping
the independence assumption.

Instead of assuming white additive Gaussian noise, we could
instead assume photon noise, which is Poisson. In that case
too, the simple maximum-likelihood receiver may be imple-
mented with linear receptive fields and a maximum rule. The
difference is that, whereas in Gaussian noise the weighting
functions of the receptive fields were proportional to the ex-
pected signals s;(x, y, t), in Poisson noise the weighting
functions are In[1 + s;(x, v, £)].3?

G. Discussion

Section 2 has shown that two attractive assumptions about
human detection imply a maximum-of decision rule applied
to many independent variables. Here we saw that the optimal
decision strategy is generally a maximum-of rule and that
when the signals are equally probable it is equivalent to a
maximume-likelihood rule. Further specifying that the
equally probable signals are also equal energy and orthogonal
and in white noise yields a concrete model whose performance
can be analyzed and compared with human performance.

4. UNCERTAINTY MODEL

A, Definition of the Uncertainty Model
In the preceding section the scope was broadened to consider
arbitrary detection—identification tasks. This paper is not
concerned with identification experiments, so the scope will
be narrowed again to the tasks of interest. However, it is
worth remembering that the simple maximum-likelihood
receiver (i.e., the uncertainty model) can do identification
tasks (by choosing the expected signal s; corresponding to the
largest hypotheses L;) and is optimal if all the choices are
simple.

The models developed in Sections 2 and 3 are close ap-
proximations to what we need, but, for clarity, I will begin with

a clean slate and define the uncertainty model by seven as--

sumptions:

Assumption 1.
Section 2).

Consider what the relevant and irrelevant variables in Fig.
3 might represent. When an ohserver makes a decision about
a stimulus we usually consider that he or she monitors the
activity of various sensors, or channels, and uses those data
as the basis for the decision. Each variable in the model takes
on a single value when a stimulus is presented, so I will call the
variables samples from the activity of whatever sensors or
channels the subject is monitoring. As before, the samples
may be contrast dependent, and therefore relevant, or contrast
independent and therefore irrelevant.

Assumption 2. The decision variable is the maximum of
M samples.

Assumption 3. At zero contrast, all M samples are iden-
tically distributed and stochastically independent.

These assumptions imply the first three parts of the prob-
ability-summation assumption but not the final part: cor-
rection for guessing. Of the M samples, some number K will
be relevant {i.e., contrast dependent). Appendix A shows that
when fewer than about 1% of the samples are relevant, K/M
= 1%, then the uncertainty model permits correction for
guessing of both yes—no and 2afc hit rates.

The decision-variable assumption (see
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For most of the predictions in this paper it would suffice at
this point to assume that for repeated presentations of any
given stimulus the mean values of the samples are linear
functions of the stimulus and that the samples are normally
distributed with a variance independent of contrast. How-
ever, I prefer to make stronger assumptions, 4-6 below, which
will allow the model to make predictions of noise-masking
experiments. (The reader may skip to Assumption 7 and
return here later if necessary.)

Define the effective stimulus as the sum of the actual
stimulus and an equivalent noise. Equivalent noise is the
spatiotemporal noise that would have to be added to the
stimulus to model the observer as a black box that is otherwise
noise free.

Assumption 4. Each sample is a weighted sum over space
and time of the effective stimulus. In other words, each
sample has a linear receptive field.

Assumption 5. All M samples’ receptive fields are or-
thogonal, and the equivalent noise is white.

For two functions to be orthogonal means that their inte-
grated product is zero. For example, sin(x) and cos(x) are
orthogonal because their product sin(x)cos(x) = $in(2x)/2 has
an average value of zero. The orthogonality requirement
would be satisfied by, for example, expected signals that do
not overlap in space, or do not overlap in time, or that donot
share any spatial frequencies.

White noise is Gaussian and uncorrelated over space and
time. A uniform retinal illuminance produces photon ab-
sorptions that are uncorrelated over space and time at the
retina.

Appendix B proves that Assumptions 4 and 5 imply that
the samples are normally distributed and stochastically in-
dependent.

Assumption 6. The equivalent noise is independent of the
stimulus.

This makes the sample variance independent of contrast.
The next assumption is needed for the modeling of summation
experiments in Section 6.

Assumption 7. The K relevant samples are identically
distributed.

The uncertainty model is illustrated in Fig. 4. On the left
is the effective stimulus: the sum of the stimulus and the
equivalent noise. The effective stimulus is a function of space
and time. Each pathway represents a receptive field.
Mathematically, the action of a receptive field is called cross
correlation. The effective stimulus is multiplied by the
weighting function of the receptive field, and the resulting
product function is integrated over space and time, yielding
a single variable L;. The samples whose receptive fields are
sensitive to the signal will be relevant, and the samples whose
receptive fields are insensitive to the signal will be irrelevant.
As before, the largest value is passed by the long box to become
the decision variable L.

Each sample is a single value for each stimulus presentation.
Think of the receptive fields s\(x, ¥, ), ..., spq(x, ¥, t) as
expected signals. Each sample tells us about the likelihood
that its expected signal was presented. To achieve optimal
performance, the observer should use one receptive field per
possible signal, each with a weighting function proportional
to the expected signal. The model shows M receptive fields.
M is the degree of uncertainty of the observer. With no un-
certainty, M would be 1.

Denis G. Pelli

As before, on a yes—no trial the observer would say “yes” if
the decision variable exceeded the subjective criterion and
would say “no” otherwise. On a 2afc trial the observer would
choose the interval that resulted in the larger value of the
decision variable.

B. Discussion

The uncertainty model does not distinguish between intrinsic
uncertainty (i.e., the observer’s inability to use prior infor-
mation about the signal’s identity) and extrinsic uncertainty
(i.e., the presentation of a signal that is a random sample from
many possible signals). Experiments with extrinsic uncer-
tainty are called uncertainty experiments.

Some of the attempts to explain human performance by
models like the uncertainty model did not allow for intrinsic
uncertainty and assumed that M would equal the extrinsic
uncertainty.!>17-20 Some did allow for an unknown intrinsic
uncertainty.57811.14-16  Allowing for an unknown intrinsic
uncertainty, I will take M as a free parameter in modeling
human performance.

M expresses the subject’s degree of uncertainty. Withno
uncertainty, M would be 1. We will see that estimates of M
range from 30 to 10,000. Large changes in M are required to
make small changes in behavior of the model, so think of log
M as the parameter to be estimated.

Questions arise almost immediately. Which M samples?
Along what dimension(s) is the observer uncertain? These’
questions will not be answered in this paper, because they have
little effect on the model’s predictions. As a guess, I would
say that the observer is uncertain about time and place.

C. Normalized Contrast ¢’

For the experiments to be considered here the equivalent noise
level was unknown. Furthermore, the samples’ expected
signals were unknown. However, these unknowns add only
a single degree of freedom to the uncertainty model. Define
normalized contrast ¢’ as the ratio of the mean (in response
to a signal) to the standard deviation (in response to a blank)
of any of the K relevant samples.

|
&

cthoose largest
-~

stimulus
+

naoise

e

suly.t)

Fig. 4. The uncertainty model. Each receptive field multiplies the
input (stimulus plus noise} with an expected signal s;(x, y, {) and
integrates the result (i.e., it evaluates the cross correlation), yielding
a single number L; on each presentation. The largest L; is passed to
the decision maker on the right. The box says “choose largest” to
indicate that the identity as well as the value of the most active re-
ceptive field is preserved. This allows the model to be applied to
identification expetiments. Adapted from van Trees?8 Fig. 4.22.
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Fig. 5. The probability distribution of the decision variable L in the uncertainty model. Each curve in (a) shows the probability density for
the decision variable L equaling the subjective criterion A, L = X, as a function of \. Each curve in (b) shows the yes—no hit rate P(c’), which
is the probability of the decision variable’s exceeding the subjective criterion A, L > A, as a function of \. Each figure has separate panels for
five degrees of uncertainty, M = 1, 10, 100, 1,000, 10,000. Each panel has separate curves for five normalized contrasts, ¢’ = 0, 2, 4,6, 8. K is

1.

Physical contrast ¢ is proportional to normalized contrast
¢’

c = Ac’, 4.1)

where the proportionality constant A is a parameter in the
uncertainty model. A depends on the signal, the expected
signals of the relevant samples, and the equivalent noise
level.

D. Probability Distribution of the Decision Variahle

The distribution of the decision variable depends on only
three things: the normalized contrast ¢’, the number M of
samples, and the number K of the samples that are relevant.
(The samples L1, ..., Ly, the decision variable L, and the
subjective criterion A are all measured in units of the standard
deviation of the samples.) Figures 5(a) and 5(b) show the
distribution of the decision variable in different ways. Each
curve in Fig. 5(a) shows the probability density for the decision
variable L equaling the subjective criterion A\, L = A, as a
function of the subjective criterion . Each curve in Fig. 5(b)
shows the yes-no hit rate Pyy(c’), which is the probability of
the decision variable’s exceeding the subjective criterion A,
L > A, as a function of the subjective criterion \. Each figure
has separate panels for five degrees of uncertainty M = 1, 10,
100, 1000, 10,000. Each panel has separate curves for five
normalized contrasts, ¢’ =0, 2,4,6,and 8. Figure 5 assumes
that only one sample is affected by the signal (K = 1), but the

conclusions of our inspection of it will be general to all K.

The bottom row in each figure has no uncertainty, M = 1.
The distributions are Gaussian with unit variance and mean
equal to the normalized contrast ¢’. This is the ideal detector
for a signal known exactly, such as those considered by Rose!
and De Vries.?2 (They assumed the Poisson noise, but, by the
central-limit theorem, the distribution of the samples would
be approximately Gaussian anyway.)

The leftmost curve on each row shows the distribution at
zero contrast, i.e., a blank presentation, The hit rate at zero
contrast is called the false-alarm rate. On a blank presenta-
tion the decision variable is the maximum of M zero-mean
Gaussians. The zero-mean Gaussian distribution is shown
by the leftmost curve (¢’ = 0) in the bottom row (M = 1) of
each figure. Increasing the uncertainty M makes this noise-
only distribution narrower and shifts it to the right, ap-
proximately in proportion to the log of M.

Recall that the correction-for-guessing assumption is sat-
isfied if at zero contrast the maximum irrelevant variable is
almost always greater than the maximum relevant variable.
That is, the irrelevant distribution must be at higher values
and have little overlap with the relevant distribution. In Fig.
5(a), as the uncertainty increases the relevant distribution

shifts further and further to the right of the irrelevant dis-

tribution, and the overlap becomes vanishingly small. For
uncertainties M of at least 100, to keep the false-alarm rate
below 0.9 the subjective criterion A must be at least 2. For K
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= 1, the probability of a relevant hit is shown by the leftmost
curve in the bottom panel. At A = 2 the probability of a
zero-contrast relevant hit is only 0.023.

So far we have considered only detection, which is really the
discrimination of nonzero from zerc contrast. Uncertainty
makes the zero-contrast decision-variable distribution in-
distinguishable from its distribution at low contrast, making
low contrast undetectable. Contrast discrimination also in-
cludes discrimination of two nonzero contrasts. A glance at
Figs. 5(a) and 5(b) shows that at suprathreshold contrasts the
decision variable is unaffected by the uncertainty. Thus the
uncertainty has no effect on discrimination of suprathreshold
contrasts. Contrast discrimination will be considered further
in Section 9.

E. Yes-No Performance

It is given that the samples are independent and normally
distributed with equal variance. For convenience the samples
are measured in units of the common standard deviation, so
a sample responding to noise alone has probability $()) of not
exceeding a value A\, where ®()\) is the cumulative normal
integral:

1 A
) = —— f exp(—t2/2¢d).
Vor J-. P
A sample responding to its expected signal as well as the noise
has probability ®(A — ¢’) of not exceeding A.
In a yes—no detection task the probability of a hit as a
function of contrast is Pya(c’):

Pyo(c’) = 1= (1 = Gyp)[1 = PpaleD)],

where K may have any integer value from 1 to M. The rele-
vant-hit rate Pj,(c’) is the probability that any of the K con-
trast-dependent samples will exceed the subjective crite-
rion:

4.2)

(4.3)

Prlcy=1— KA —¢'). (4.4)

The irrelevant-hit rate G, is the probability that noise in the
M — K non-signal-bearing samples will cause one of them to
exceed the subjective criterion,

Gy =1— EM-K(\). (4.5)

Substituting Egs. (4.4) and (4.5) into Eq. (4.3) yields the hit
rate, the probability of a “yes” on a signal presentation,

Pyu(c’) =1 — SM-K(N)PK(A - ¢’). (4.6)

At zero contrast, ¢/ = 0, we have the false-alarm rate, the
probability of a “yes” on a blank presentation,

Pun(0) =1 — ®M(). 4.7)

These equations parameterize the ROC curve and have been
plotted by Nolte and Jaarsma?® for K = 1 and several values
of ¢’ and M. Nachmias and Kocher? noted that their ROC
curves for detection of a spot were similar to curves produced
by Eqgs. (4.6) and (4.7) with K = 1 and M = 32.

F. Two-Alternative Forced-Choice Performance

The proportion correct in a 2afc is the probability that the
largest value in the signal interval will exceed the largest value
in the other interval and is given by the area under the ROC
curve’,

Denis G. Pelli

A=—o
Pile) = {7 Pyulc)dPya(0). 4.8)
The integration goes from plus to minus infinity because the
false-alarm rate Py,(0) increases as the subjective criterion
A decreases. Substituting our expressions for Py,(0) and
Pyn(c”) from Eqs. (4.6) and (4.7) yields

+o
Prle=1-M f PE(\ — ¢)DIM-K-1())

(4.9)

The integral is evaluated by numerical integration. ®( ) is
computed by Eqs. (26.2.17) and (26.2.13) from Ref. 40.

G. Summary

Assumptions 1-7 make it unnecessary to know the actual and
expected signals. The model’s performance depends only on
the signal contrast ¢ and four model parameters: the sub-
jective criterion A (only in yes-no), the number M of samples,
the number K of the samples that are relevant, and the pro-
portionality constant A between physical and normalized
contrast.

5. CONTRAST DETECTION

This section examines 2afc and yes—no contrast detection by
the uncertainty model.

From here on, the paper takes an empirical approach, re-
lying primarily on Monte Carlo simulations of the model
performance, analyzed in the same way as human data. Again
and again, this will reveal the similarity of the performance
of the model and human observers. In addition, a few model
properties will appear that make strong predictions for future
experiments.

A. Psychometric Functions

The solid curves in Figs. 6(a) and 6(b) show psychometric
functions for 2afc contrast detection by the uncertainty model.
The curves are given by Eq. (4.9) with K = 1. Figure 6(a) has
logarithmic scales, and Fig. 6(b) has linear scales. The hori-
zontal axis is the normalized contrast ¢’, and the vertical axis
is d’. [d’ is +/2 times the normal deviate ~1(P) corre-
sponding to the proportion correct.] Proportion correct is
also indicated, on a scale at the right. The functions are
shown for values of M ranging from 1 to 10,000. (The dotted
curves are the approximation (3.14) of Petersen et al. for M
= 100 and are obviously inaccurate for these values. The
curves are nearly straight in the log-log coordinates of Fig.
6(a). Increasing the uncertainty M increases threshold and
steepens the log—log slope of the psychometric function, al-
though large changes in uncertainty are required to produce
a small change in slope.

Several features of Fig. 6(b) are noteworthy. First, at high
uncertainties, M = 100, the curves are parallel; each further
increase of M by a factor of 10 simply slides the previous curve
over to the right. The finding that increasing the log uncer-
tainty is equivalent to subtracting from the contrast is derived
analytically in Appendix D.

Second, note that each curve is asymptotically straight with
unit slope. This reflects the fact, illustrated in Figs. 5(a) and
5(b), that the decision-variable distributions for supra-
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Fig. 6. 2afc detection by the uncertainty model. The solid curves
show the detectability d’ as a function of normalized contrast ¢” and
uncertainty M. K is 1. ‘The dotted lines show the approximation
of Peterson et al.3% for M = 100. (a) Shows that the curves are nearly
straight in log-log coordinates. (b) Shows that in linear coordinates
the curves tend to translate along the contrast axis and that above
threshold (d’ > 1) they all have unit slope.

threshold contrasts are unaffected by the uncertainty M.
Indeed, Fig. 6(b) would be well described by supposing ideal
detection of an effective contrast equal to the actual contrast
minus a threshold linearly related to the log of M (see Ap-
pendix D).
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Yes-ho psychometric functions of the uncertainty model
appear in Fig. 5(b) and were discussed in Section 4.

B. Weibull Fits

For the past 10 years psychometric functions for visual con-
trast detection have usually been described by the best-fitting
parameters of a Weibull function

P(c) = 1= (1 = y)exp[—(c/a)f], (5.1)

where 7 is the false-alarm rate P(0), « is the threshold contrast
at which P(c}) = 1 — (1 — y)/e, and 8 controls the log—log
steepness. Therefore I have simulated an observer per-
forming Zafc and yes—no detection by the rules of the uncer-
tainty model, and fitted Weibull functions to the performance
data, to obtain maximum-likelihood estimates of the pa-
rameters of the Weibull function. The resulting estimates
of &, B, and v may be directly compared with corresponding
estimates for human observers. Additionally, since human
9afc data are occasionally fitted by a d’ power law, d’ = (¢/
¢o.76)?, 1 have determined the parameters of that fit as well.

All the results of the model relate to a normalized contrast
scale, indicated by a prime, as in ¢’ and «’. Both yes—no and
2afc share the same scale factor A between physical threshold
contrast « and normalized threshold contrast o’

Qynloty, = agelog, = A. (5.2)

The results appear in Table 1 (2afc) and Table 2 (yes—no).
There are three dependent variables ¢, 8, and v, and two
model parameters, M and A (only in yes-no). The model
parameter K was set to 1. The fourth model parameter, A,
does not appear, as it merely provides scaling of contrast to
match human data.

C. Normalized Threshold Contrast o
In both Tables 1 and 2, a linear regression of & on (3 shows that
o and 8 are nearly equal:

o ~ ﬁ, (5.3)

This is for a K of 1. Section 6 will develop a more general
formula for all K small relative to M. Ido not have an intui-
tive explanation for the equality, but it can be shown that
proportionality of &’ and 8 is implied by the fact that high
uncertainty merely subtracts from contrast (see Appendix
D).

D. Log-Log Steepness 3
Applying a linear regression to the data in Table 1 shows that
@ is a linear function of the log of the uncertainty M:

B =1.358 + 0.792 log M + 0.043. (5.4)

The nearly straight curves in Fig. 6{a) suggest that we might
characterize each curve by two numbers indicating its log-log
slope b and its threshold cg.7, at which Pe(c”) = 76%, and d’
= 1. These two values, b and cqzs, determine a line in our
log—log coordinates:

log d’ ~ b log(c’/cgqe),
or, equivalently,

d = (C’/C;),'fe)b- (5-5)
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Table 1. 2afc Performance of the Uncertainty

Model®

~ Weibull 4= (e

M o i Cors b
1 1.25 141 1.00 1.01
3 1.72 1.73 1.44 1.26
10 2.22 2.13 1.94 1.56
30 2.65 2.50 2.36 1.85
100 3.07 2.93 2.719 2.20
300 3.41 3.28 3.14 2.51
1,000 3.75 3.72 3.49 2.89
3,000 4.04 4,16 3.79 3.29
10,000 4.31 4.56 4.06 3.70
30,000 4.54 4.97 4.29 4.11
100,000 4.77 5.26 4.52 4.45

@ Each trial was a Monte Carlo simulation of an observer with a psychometric
function given by Eq. (4.9), with parameters M (as listed) and K = 1. The
threshold e and steepness § are the parameters of the Weibull function for a
maximum-likelihood fit42; the threshold g and steepness b are the parameters
of the d’ power law [i.e., a straight line in Fig. 6(a)] for a maximum-likelihood
fit. Each fit was made to the result of 100,000 Monte Carlo trials distributed
over 10 contrasts. The table entries are the average of 10 replications. The
Weibull parameter ¥ was fixed at 0.5 since these are 2afc trials.

Table 2. Yes—No Performance of the Uncertainty

Model®

A o 8 ¥

0 09 L5 0.50 100 1.00

1 156 1.8 0.16 100 100

2 23 24 0.025 100 100

3 34 35 3.3 0.0006 075 100

4 44 44 44 45 0.0000 0.032 1.00

5 54 54 54 56 57 51 00000 0000 0.24

6 64 64 64 66 67 67 00000 00000 0.001
7075 74 74 76 76 7.7 00000 00000 0.0000
8 84 85 84 89 88 87 0.0000 0.0000 0.0000
9 95 95 95 96 99 9.8 0.0000 0.0000 0.0000
CM=1 10° 105 1 10° 106 1 109 108

e Each trial was a Monte Carlo simulation with a hit rate given by Eq. (4.6),
with parameters A and M, as listed, and K = 1. The subjective criterion A is
listed in the left-hand column. The uncertainty M is listed in the bottom row.
The threshold &, steepness 3, and false-alarm rate -y are the parameters of the
Weibull function for a maximum-likelihood fit.42 Each fit was made to the
result of 2,500 Monte Carlo trials distributed over five contrasts, including one
nearzero. Each table entry is the average of 10 replications. Only the signif-
icant digits are shown; & and 8 have no significant digits when - is near 1.

Table 1 lists the threshold ¢y and slope b at each uncertainty
M. On the basis of the similarity of form of the Weibull-
function Egs. (5.1)-(5.5), we would expect the two steepness
measures 3 and b to be proportional. A fit to the data in
Table 1 yields

b =0.808 £+ 0.15. (5.6)

Equations (5.4) and (5.6) can be used to estimate the uncer-
tainty M directly from the measured steepness 8 or b of the
2afe psychometric function.

Table 2 shows the yes—no results. (3 is strongly dependent
on the subjective criterion A and independent of M. Applying
a linear regression to the data in the table yields

8= A+0.6. (5.7)

Denis G. Pelli

This subsection has found that in both yes—no and 2afe
tasks the model performance is characterized primarily by §.
However, 3 responds to different things in the two tasks. . In
yes-no, 0 is a linear function of the subjective criterion A, yet,
because of the decision-variable assumption, A plays no role
in 2afe. In 2afe, 3 is a linear function of the log uncertainty,
yet, because of correction for guessing, the uncertainty affects
only the false-alarm rate in yes-no.

E. False-Alarm Rate y
In the 2afc fits of the Weibull function the false-alarm rate v
was fixed at 0.5.

In the yes—no fits of the Weibull function, correction for
guessing assigns the false-alarm rate to ¥ and leaves the rel-
evant-hit rate to be fitted with the parameters o« and 8. As
aresult, @ and (3 are independent of the uncertainty M. The
false-alarm rate -y depends only on the subjective criterion A
and the uncertainty M, by Eq. (4.7). Compare this with the
irrelevant-hit rate G [Eq. (4.5)]. The false-alarm rate y will
be approximately equal to the irrelevant-hit rate G when K
is small relative to M. This will satisfy the conditions for
correction for guessing.

F. Two-Alternative Forced-Choice Experimental Results
Figure 7 shows two typical psychometric functions P{(c) for
human 2afc contrast detection. The O’s are from Nachmias
and Sansbury,'? and the X’s are from Legge.4! The horizontal
axis is a logarithmic scale showing contrast of the grating to
be detected, and the vertical axis on the left is a logarthmic
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Fig. 7. 2afc detectability d’ as a function of contrast ¢ of a grating.
Proportion correct are indicated on the right. The O's (from Nach-
mias and Sansbury!?) are for detection of a 9-¢/deg grating, and the
X's (from Legge?l) are for detection of a 3-c/deg grating. There are
160 trials per point. The vertical bars represent 95% confidence in-
tervals. ‘The solid curves are fits by the uncertainty model with K
=1and M = 800 (O’s}) and M = 18 (X’s). The dashed lines are
maximum-likelihood fits by Weibull functions with 8 = 3.66 (O’s) and
8 = 2.36 (X's).
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scale of d’. Proportion correct is indicated on the right. The
vertical bar through each point indicates the 95% confidence
interval. The dashed curves show masximum-likelihood fits
by the Weibull function.42 The values of 3 are 3.66 for the O’s
and 2.36 for the X’s. The solid curves show fits by the un-
certainty model. K was assumed to be 1, and the best-fitting
values of uncertainty M were 18 for the X’s and 800 for the O’s.
The Weibull and uncertainty model fits are experimentally
indistinguishable. Tanner® concluded that an uncertainty
of 100 expected signals would account for the steep psycho-
metric function that he measured for detection of a light in-
crement. There is a large range in estimates of the uncer-
tainty M, e.g., from 18 to 800, because log M is linearly related
to B in 2afc, and estimates of 3 are variable.

The fits in Fig. 7 are nearly straight, with slopes greater than
1. This implies that d’ is proportional to a power greater than
1 of contrast, d’ « ¢?, b > 1. In fact, Nachmias and Sans-
bury!? originally fitted their data (O’s) by a straight line with
slope 2.9, representing the relation d’ « ¢29. In general,
Weibull functions and 2afc predictions of the uncertainty
model are essentially straight in these coordinates with a slope
of approximately 0.88, implying that d’ is proportional to the
contrast raised to the 0.8(5 power.

G. Discussion

The way in which the parameters of the Weibull function
depend on the parameters of the uncertainty model is in-
structive. It seems likely that a reasonable correspondence
could be established between the samples in the model and
some unit of physiological organization, such as retinal or
cortical neurons {(see, e.g., Ref. 43). Then the parameters—M,
the number of samples, and K, the number sensitive to the
signal—might have a physiological interpretation.

The principal finding of this section was the importance of
the log-log steepness 3. In both yes-no and 2afc tasks the
model performance is largely determined by 3. 2afc 8 is a
linear function of log M, and yes—no f is a linear function of
the subjective criterion A. Thus the two tasks, analyzed in
the same way, yield different kinds of information about the
observer. Yes-no 3 tells us about the observer’s subjective
criterion. 2afc 8 tells us about the observer’s uncertainty.

6. SUMMATION EFFECTS

A. Background

Over the past 30 years there has been some importance at-
tached to studies of summation. A compound grating con-
taining two disparate frequencies is slightly more detectable
than either is alone.2444-%6  Qver a wide range, the contrast
theshold for a sinusoidal grating gradually falls if the grating
is extended in time*"42 or space!”*8 (in a region of uniform
sensitivity). Over this range, threshold e is inversely pro-
portional to the extent raised to a small exponent, —1/8,
usually called the index of summation:

o « extent=1/8, (6.1)

These summation effects have been successfully attributed
to probability summation assuming a Weibull distribution.
The uncertainty model incorporates probability summation
for yes—no (provided that K << M; see Appendix A) and 2afc
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[provided that K << M and log(K + 1) « log(2M); see Ap-
pendixes A and C] but assumes a Gaussian distribution.!217:31
Is the Gaussian distribution similar enough to a Weibull for
the uncertainty model to survive?

The probability-summation assumption was introduced
in Section 2. However, by itself it does not predict the results
of a summation experiment. The utility of the probability-
summation assumption is greatly enhanced by the Weibull
assumption, which has two parts. First, the relevant-hit rate
P}{(c) of each contrast-dependent reason is a Weibull function
[Eq. (5.1)] with zero false-alarm rate v:

Pt(c) =1 — exp[—(c/a;)F], (6.2)

where ¢ is contrast and o; and § are constants. «; is a
threshold parameter, being the value of ¢ for which P}(c) =
0.63, and 3 is a steepness parameter. Second, 3 is the same
for all of the contrast-dependent reasons. (Nachmias!? calls
this the homogeneity assumption.) This completes the
Weibull assumption.

Probability summation with the Weibull assumption has
a long history before its introduction to vision by Brindley*?
and Quick,% preceding even Weibull®! himself.5253 Galam-
bos®® points out that one of the reasons for the wide applica-
bility of the Weibull function is that it has enough parameters
to describe a wide range of distribution shapes adequately.

To understand the utility of the Weibull assumption, note
that P;(c) in Eq. (6.2) is zero at zero contrast, more than sat-
isfying the probability-summation assumption, expression
{(2.7). This reduces Eg. (2.1) to a Weibull function [Eq. (5.1)],
where « is the observer’s threshold:

K —-1/8
o= (Z a;‘ﬁ) . (6.3)

i=1

The Weibull function is unique in that a probability sum,
Ple)=1-1] 1 = Pi(c), (6.4)
i

over many functions P;(c) that are identical except possibility
for position on the log contrast axis (i.e., ;) yields a function
P(c) that is identical except for position on the log contrast
axis.*®%* Thus the thresholds «; of the individual contrast-
dependent reasons affect only the observer’s threshold a and
not the form of the psychometric function P(c). If all the
thresholds «; are equal (as is often assumed), then the ob-
server’s threshold « will be

o=K- 8. (6.5)

That is, the observer’s threshold « should fall with increasing
K, in proportion to K~1/8,

In order to predict summation effects, the number K of
contrast-dependent samples is assumed to be proportional
to the signal extent, K = extent, so Eq. (6.5) becomes relation
(6.1). As mentioned above, relation (6.1) is an empirical fact
{(where 8 is the result of a fit of a Weibull function to the
human psychometric function), so if the uncertainty model
is to survive, it must at least approximately satisfy the equa-
tion, despite its lacking the Weibull assumption.

B. Threshold &
Section 5 noted that 2afc and yes-no psychometric functions
of the uncertainty model are well fitted by Weibull functions
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with parameters «, 8, and y. The dependencies of 8 and v
on the parameters of the uncertainty model were discussed
there. This subsection will discuss @. Yes—no and 2afc will
be discussed together because the same conclusions apply to
« in both tasks.

The excellent fits of the Weibull function to the 2afc and
yes—no psychometric functions means that the hit rate P(c)
of the uncertainty model is approximately equal to a Weibull
function:

P(c’) = 1 — (1 — y)exp[—(c’/a)F]. (6.6)

For yes—no the hit rate P(c’) is given by Eq. (4.6). For 2afc
the hit rate P(¢’) is given by Eq. (4.9). Now consider just the
case where K is 1,

Pi(c’) = 1 = (1 = y1)exp[—(c’/a)P], (6.7)

where the subscript 1 indicates that K = 1. The Weibull
function may be corrected for guessing. Appendix A shows
that both yes—no and 2afc hit rates of the uncertainty model
may be corrected for guessing if K/M = 1%. Applying cor-
rection for guessing [relation (2.5)] to both sides of relation
(6.7) reveals the relevant-hit rate Pi(c’):

Pi(e’) ~ 1 — exp[—(c’/ay)B1]. (6.8)

Subtracting both sides from 1, raising to the power K, and
subtracting again from 1 yields

I —[1—Pi(c"))X = 1 — exp[—(KBic’/e)®1].  (6.9)

We recognize the left-hand side as the observer’s relevant-hit
rate P*(c’) when there are K independent and equally prob-
ahle relevant reasons for a hit. [As is shown in Appendix C,
probability summation among many independent reasons
does hold for 2afc, provided that K/M = 1% and that log(K
+ 1) « log(2M).] The right-hand expression is a Weibull
function,

P*(c') = 1 — exp[—(c’/e)?], (6.10)
where
o = o K-Vh (6.11)
and
B =01 (6.12)

This shows that 8 is approximately independent of K, pro-
vided that K and M satisfy the appropriate conditions of
Appendixes A and C. As conclusions, Egs. (6.11) and (6.12)
are only approximations, since they are based on approxi-
mation (6.10). Note that Eq. (6.11) is the standard summa-
tion equation (6.5) and that Eq. {(6.12) is one aspect of the
homogeneity assumption,

Usually these results are derived exactly by assuming
probability summation and the Weibull assumption. Here
they were derived approximately given probability summation
and that the Weibull function provides a good fit to the psy-
chometric function when K = 1. However, any particular
value of K could have been used. These results are not unique
to the uncertainty model. In general, any model that incor-
porates probability summation and provides a good fit to
human psychometric functions will approximately satisfy

Denis G. Pelli

summation Egs. (6.11) and (6.12), since human psychometric
functions are well fitted by the Weibull function.

Returning to the particular case of the uncertainty model,
we know from relation (5.3) that ) and 3 are approximately
equal. Thus our formula [Eq. (6.11)] for &’ becomes

o = BK-VE, (6.13)

This applies to both yes—no and 2afe. This formula also shows
that the key parameter to describe the state of the observer
is the log-log steepness 8. Note that this formula is stronger
than the simple proportionality usually derived [relation (6.1)
or Eq. (6.5)], as it predicts the effect of a change in 8. Fur-
thermore, since we already know how (3 depends on the sub-
jective criterion and task, we can now predict how & depends
on subjective criterion and task. These predictions are tested
in Sections 7 and 8.

Relation (6.13) allows us to sclve for the normalization
factor A = e/’ in terms of «, 8, and K:

A=~ a/(ﬁK—i/B). 6.14)

a and f3 are directly measurable, and Section 7 shows a way
to estimate K.

C. Experimental Findings

While in principle it would be more elegant to predict the
summation effects from measurements of the psychometric
function (i.e., B), in practice it is always done the other way
around because the summation effects can be measured with
considerably more precision. Therefore we will ask whether
thresholds at several signal extents can predict the 8 of the
psychometric function.

First we must, somewhat arbitrarily, specify how K depends
on signal extent. As instandard summation, I assumed it to
be proportional to signal extent and arbitrarily set it to be 1
for the smallest signal extent:

K = duration/(100 msec). (6.15)

Both 2afc and yes—no summation will be examined.

The X’s in Fig. 8 are the threshold contrasts reported by
Legge48 for 2afc detection of a 3-cycle/deg (c/deg) grating as
a function of duration, from 100 to 2000 msec. The dashed
line shows Legge’s fit by the standard summation equation
[relation (6.1)], yielding an estimate of 5 of 2.60. Of course,
Eq. (6.11) would make the same prediction, but it is only an
approximaiion for the uncertainty model, and its derivation
put conditions on K and M. Therefore, I fitted the uncer-
tainty model directly to the data, using its two free parame-
ters, M and A, for best fit by eye. In these log-log coordinates,
the uncertainty M controls the slope of the fit, and the scaling
factor A controls its vertical position. The result is the solid
curve showing the performance of the uncertainty model with
M =60and A =0.00133. (Note that the performance of the
model is defined only at integer values of K; the continuous
curve connects those points.) Following Legge, I did not in-
clude the point at 1000 msec in the fit. Both fits are reason-
ably close to the data and are similar to each other.

Are these fits consistent with the psychometric functions?
Figure 7 shows the psychometric function®? for detection of
the 180-msec-duration signal. It is well fitted by a Weibull
function [Eq. (5.1)] with exponent 8 = 2.44, shown by the
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Fig. 8. Threshold contrast for a sinusoidal grating as a function of
duration. The X’s are 2afc thresholds (from Legge?*!), and the Os
are yes—no thresholds (from Watson??). The dashed lines show the
fit by the standard summation formula [relation (6.1)] as made by the
original authors. The solid curves show the fit by the uncertainty
model. For the X’s, M = 60 and A = 0.00133. For the O’s, A = 3.5,
A = 0.00304, and M = 3000. Both yes—no fits ignore the point at 100
msec, and both 2afc fits ignore the point at 1096 msec.

dashed curve. Recall that the fit of the standard summation
equation to Fig. 8 yielded a 3 estimate of 2.60. A fit (not
shown) to the psychometric function of the uncertainty model
[Eq. (4.9)] for K = 2 (the nearest point to 180 msec) also yields
B3 = 2.60. These values are not significantly different from
92.44. The important point is that the uncertainty model
describes the 2afc human data just as well as the Weibull as-
sumption does.

Now consider yes-no detection. The O’s in Fig. 8 are
yes—no contrast thresholds from Watson*? for detecting a
4-c/deg grating, as a function of duration, from 100 to 800
msec. His fit by the standard summation formula [relation
(6.1)] is shown by the dashed line running through most of the
points. He (and I) excluded the 100-msec point from the fit.
The fit by the uncertainty model had two degrees of freedom,
X {controlling slope) and A (controlling vertical position).
The best fit (A = 3.5, 4 = 0.00122) is shown by the solid line.
The parameter M does not affect o, and therefore does not
affect this fit, and was arbitrarily set to 3000. The fits are
superimposed and experimentally indistinguishable.

The fit by the standard summation formula yielded a 8
estimate of 3.69. For values of K from 1 to 8, the uncertainty
model, with parameters determined by the fit, yields values
of 3 with a mean of 4.0. Watson reported 52 estimates of 3
with a mean of 4.65 and a standard deviation of 1.4. Once
again, the standard summation formula is in reasonable
agreement with the data, and the uncertainty model does at
least as well.

Thus the 2afc and yes—no summation found by Legge and
Watson are well accounted for by probability summation with
either the Weibull assumption or the uncertainty model.

The reader may wonder whether the observer might not
vary his uncertainty M or subjective criterion X as the signal

Vol. 2, No. 9/September 1985/J. Opt. Soc. Am. A 1521

extent is varied. This complication is ruled out for the yes-no
experiments, since Watson took the precaution of randomly
interleaving all the different signal durations.

D. Conclusions

Experimentally, it is well known that the small index of
summation —1/8 found in summation experiments accurately
predicts the high steepness f§ of the psychometric function.
This has usually been explained by assuming probability
summation and the Weibull assumption. However, the
Weibull assumption cannot be exactly true; the physics of light
imply that the relevant-hit rate cannot be exactly zero at zero
contrast. Furthermore, Nachmias!? noted that assuming
probability summation and the Weibull assumption for yes—
no implies that they cannot hold exactly for 2afc.

Given the experimental finding that human psychometric
functions are well fitted by the Weibull function, we can ex-
pect any acceptable model of detection to have psychometric
functions well fitted by the Weibull function. It was shown
here that this, combined with probability summation, is suf-
ficient to predict the standard summation equation, at least
approximately.

Although the uncertainty model and the Weibull assump-
tion assume different psychometric functions, it seems that
the range over which they can be measured is too narrow to
distinguish them, Thus the probability summation of the
uncertainty model does not appear to be experimentally dis-
tinguishable from probability summation with the Weibull
assumption.

The uncertainty model differs from popular probability-
summation models principally in assuming a Gaussian dis-
tribution rather than a Weibull distribution for each sample.
The Weibull distribution is physically implausible in that it
excludes the possibility of a detect state at zero contrast, re-
quiring the supposition of a separate guessing process to ac-
count for the false-alarm rate. This high threshold assump-
tion is untenable. However, the Weibull distribution is easy
to work with; summation calculations are particularly easy.
The Gaussian distribution is physically plausible but un-
wieldy; even the simplest calculations require computer-as-
sisted numerical integrations. What I have shown here is that
we can have the best of both worlds. By assuming the
Gaussian distribution we can avoid the high-threshold as-
sumption and incorporate a decision variable, resulting in a
good treatment of noise, task, and subjective criterion effects.
However, we can also approximate the model’s psychometric
function by the best-fitting Weibull distribution and then
easily and accurately estimate summation effects. It is likely
that comparable resulis could be obtained with other physi-
cally plausible distributions.31.32

7. EFFECTS OF THE SUBJECTIVE CRITERION

The decision-variable assumption implies that yes-no per-
formance will be strongly dependent on the observer’s sub-
jective criterion A and that, if the hit rate is analyzed into
relevant- and irrelevant-hit rates, then both rates will covary
with the subjective criterion. Contrary to this, the high-
threshold assumption claims that the irrelevant- and rele-
vant-hit rates may be increased or reduced independently of
each other. Nachmias!2 dramatized the failure of the high-
threshold assumption by fitting the Weibull function to
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Table 3. Data from Nachmias®

Yes-No 2afc
Condition a B Y o i)
A 0.0380 6.20 0 0.0196 2.50
0.0254 3.69 0.006
0.0209 2.78 0.121
B 0.0292 4.84 4] 0.0167 2.89

0.0200 324 01
0.0184 297 057

C 0.1470 417  0.003 0.0726 231
0.0909 3.01 0.021
0.0609 215  0.215

D 0.0470 759  0.00193 0.0338 3.64
0.0395 543  0.0737
0.0377 444 0461

E 0.0239 4.07  0.0566

0.0179 3.87 032
0.0169 3.06  0.63

F 0.0782 6.18  0.05632
0.0688 561  0.1712
0.0669 443 04775

G 0.0976 553  0.012
0.0823 4.49  0.0954

0.0754 3.74 0.38

o Ref. 12. By conducting a rating-scale experiment at several contrasts,
Nachmias obtained yes—no psychometric functions for three subjective criterion
levels simultaneously. Furthermore, for some of the conditions, a 2afc psy-
chometric function was measured under the same conditions. The table lists
maximum-likelihood estimates of the parameters of a Weibull function fit to
each psychometric function. For 2afe, v was fixed at 0.5.

yes—no data collected over a wide range of false-alarm rates.
The Weibull function describes the relevant-hit rate by the
parameters « and 3 and irrelevant-hit rate by the false-alarm
rate y. Nachmias found that both « and 3 fell as the false-
alarm rate 7 increased, contrary to the high-threshold as-
sumption but qualitatively consistent with the decision-
variable assumption. However, Nachmias did not present
any quantitative explanation for his finding. This section will
compare the uncertainty model’s predictions with Nachmias’s
results.

Nachmias’s data are listed in Table 3. There were seven
conditions, A-G. For each condition, Nachmias measured
rating responses to several contrasts. He then summed the
rating frequencies to obtain three yes—no hit-rate functions
for each condition. Columns 2-4 of Table 3 list the parame-
ters of a Weibull function fitted by maximum likelihood to
each yes-no hit-rate function.

By using the results of Sections 5 and 6 it is easy to estimate
the parameters of the uncertainty model from the yes—no data.
First consider «. We have relation (6.13), that is, o =
ABK 18 There are three (o, (3) pairs for each condition, so
the appropriate fitting procedure is to find values of the pa-
rameters A and K to minimize the least-squares error in es-
timating log & by log(AB; K ~1/8i):

min ¥ [log(e;) — log(ABK 1A% (7.1)
AK i=13
This is simplified by the change of variables
a; = log(a;/3%;),

b = —1/B;
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to

min ¥ [a; — log{A) — b; log(K)]?, (7.2)

AK i=13
where the a; and b; are known and log(A) and log(K) are un-
known constants. This is solved by doing a linear regression
of the b; on the a;, yielding log(A) and log(K). Surprisingly,
the resulting estimates of K were mostly less than 1, even
though the model requires K to be at least 1. This arose be-
cause, in five of the seven conditions, log(a/8) has a negative
correlation with —1/3. The model [see relation (6.13)] can
account for positive correlation (when K > 1), or zero corre-
lation (when K = 1), but not negative correlation because K
cannot sensibly be less than 1. The other two conditions (E
and C) yielded estimates for K of 3 and 1, respectively. Since
K cannot be less than 1, and since even case C suggests a small
value, I set K to 1 for all the conditions, so relation (6.13) re-
duces to « ~ AB. For least-squares error in estimating log «,
the quantity log A is then the mean of log /3. Parameter A
is listed in the second column of Table 4.

Nachmias’s data from Table 3 are plotted in Figs. 9(a)-9(c)
as letters A—-G. Each condition is represented by two or three
points connected by dashed lines. The model’s predictions
are plotted as solid curves for M = 1, 10, 100, 1,000, 10,000,
100,000, 1,000,000. Since the parameter K was set to 1, the
model has two free parameters, M and A, in fitting each con-
dition. The figures plot the normalized threshold contrast
o ingtead of the physical threshold contrast «, where o’ = a/A
and the values of A are listed in Table 4.

Figure 9{a) shows Nachmias’s data (A-G) plotted as nor-
malized threshold contrast o versus 8. The solid curves show
the predictions of the uncertainty model for K = 1 and values
of M from 1 to 1,000,000. Note that all the curves for different
values of M are virtually the same, reflecting the independence
of o’ and 3 from M. Nachmias’s data exhibit the predicted
proportionality of @ and 8. In the uncertainty model, the
yes—no 3 is linearly related to the subjective criterion A
{relation (5.7)]. So, according to the uncertainty model, this
graph shows that threshold is linearly related to the subjective
criterion A.

The solid curve in Fig. 9(a) has unit slope because K was set
to 1. The slope would be greater for larger K. The fit cannot
be improved by increasing K because the data have slopes
mostly less than 1. If the reader examines Fig. 9(a) closely
it will be apparent that five of the seven conditions would be
better fitted with slightly shallower lines, that is, with a K less

Table 4. Yes-No Fit Predicts 2afc Results®

Yes—No Fit 2afc Prediction/Data

Condition A M &le B8

A 0.0069 10 0.77 0.9

B 0.0061 100 1.08 1.0

C 0.031 10 0.94 1.0

D 0.0073 100,000 1.15 1.5

E 0.0053 1,000

F 0.013 1,000,000

G 0.019 10,000

8 The second and third columns show estimates of the parameters A and M
of the uncertainty model (with K = 1) to fit the yes—no data in Table 3. The
last two columns show the ratios of the resulting 2afc predictions, & and 3, to
the actual 2afe data, « and f3.
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Fig.9. Analysis of yes—no performance. Each condition from Table
3 is represented in each figure by two or three points connected by
dashed lines. The solid curves show the performance of the uncer-
tainty model for values of M from 1 to 1,000,000. K is1. {(a) Nor-
malized threshold contrast of versus 8. Note that the curve is es-
sentially independent of M. (b) False-alarm rate v versus 8. (c)
False-alarm rate y versus normalized threshold contrast o,

than 1, if that were possible. Even so, the standard deviation
of the fit shown, i.e., the standard deviation of log «’/8, is only
0.039, or 0.8 dB, which seems to be approximately the stan-
dard deviation of the data themselves.

Figure 9(b) shows the false-alarm rate v versus 8. Recall
that in the uncertainty model, 3 is linearly related to the
subjective criterion A by relation (5.7). Here we see that the
false-alarm rate v drops precipitously as the subjective cri-
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terion A rises. Increasing 8 by 2, e.g., from 5 to 7, reduces the
false-alarm rate by nearly 4 orders of magnitude. The solid
curves represent the model’s performance for values of M from
1 to 1,000,000,

I have estimated by eve the power of 10 for M that best fits
each condition. These values are listed in column three of
Table 4. There is fair agreement between model and data,
requiring values of M ranging from 10 (data sets A and C) to
1,000,000 (data set F). Note that the parameter A does not
affect this plot. The data are shallower than the model at the
higher values of  (especially data set D). This may be an
artifact resulting from testing the observers (by Nachmias)
and the model (by me) at different normalized contrasts. In
particular, estimates of -y and 3 tend to be lower if trials at zero
or near-zero contrast are not included. Furthermore, at least
part of the deviation, although striking, is not significant. For
example, the rightmost D, at a false-alarm rate of 0.002, ap-
pears to be much too high, yet it probably is nonzero because
of a single false alarm by the subject.

Figure 9(c) shows normalized threshold contrast o’ versus
the false-alarm rate v. As expected, the model’s curves are
very similar to those in Fig. 9(b), but the agreement with the
data is even better. The model and most of the data show the
same slopes throughout the figure, although the fit for data
set C is no better than in Fig. 9(b).

The deviation between model and data in Figs. 9(b) and 9(c)
does not appear to be significant. Future studies should test
model and observer at the same normalized contrasts.

In sum, with only two free parameters, A and M, the un-
certainty model gives a good account for the effects of the
subjective criterion on all three parameters of the yes—no hit
rate: ¢, (3, and 7.

8. TASK EFFECTS

Yes-No versus Two-Alternative Forced Choice
Nachmias!? also documented the dependence of 3 and « on
task. The high-threshold assumption incorrectly predicts
that 8 and « (and the relevant-hit rate) should be independent
of task. If fact, B and « are higher (and the relevant-hit rate
is lower) when estimated from yes—no (yn) data than when
estimated from 2afc (fc) data.12:55

The uncertainty model can predict the ratio of o on the two
tasks from the ratio of 8 on the two tasks. Nachmias sug-
gested a typical value for Sy, of 4.2 and for B¢ of 3. The re-
sults of the preceding section suggest that it is appropriate to
assurne that K is 1. We may estimate « from 8 by our relation
a~ABK~V8 = Af3 since K is 1. This predicts that the ratio
of &’s on the two tasks should equal the ratio of §’s:

ayn/afc =~ ,Byn/ch = 42/3 = 1.4, (8.1)

which is in reasonable agreement with the average ratio
yn/ag, = 1.3 that Nachmias reported.

Table 3 lists both yes—no (derived from ratings) and 2afc
data obtained under similar conditions. It is reasonable to
expect the parameters of the uncertainty model to be the same
in both tasks. The second and third columns of Table 4 list
the values of A and M for the best fit of the uncertainty model
to the yes—no data in Table 3. As noted above, K was set to
1. These parameters completely determine the model, per-
mitting a prediction of the 2afc data ecand 8. For 2afc, v is
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always 0.5. The predicted values & and B are obtained by
using Eq. (5.4) and relation (6.13) as follows:

B =1.358+0.7921og M, (8.2)

&= ABK-1/3 = AB,

since K is 1. The fourth and fifth columns of Table 4 show
the ratios of the predictions to the actual values of @ and 3.
Most of the predictions are excellent. The ratios are mostly
close to 1 and are as often higher than 1 as lower than 1.

In these sorts of data, estimates of « typically have a 95%
confidence interval of £20%, and estimates of 3 typically have
a 95% confidence interval of £50%. Thus, of the eight pre-
dictions, there were only two significant errors: the predicted
« in condition A is slightly too low, &/a = 0.77, and the pre-
dicted 8 in condition D is slightly too high, 3/8 = 1.5.

The fact that the model has the nearly same task depen-
dence as the observer is probably a result of incorporating the
decision-variable assumption. Green and Swets® proved that
the decision-variable assumption implies that the proportion
correct in a 2afc will equal the area under the ROC curve, i.e.,
a graph of hit rate versus the false-alarm rate, for the same
stimulus. This prediction has been tested by Tanner and
Norman,?® who confirmed it, and, recently, in a more careful
study, by Nachmias,!? who found that the area under the ROC
curve was slightly less than the proportion correct. Possible
explanations for the discrepancy include trial-to-trial varia-
tions of the observer’s subjective criterion (contrary to the
decision-variable assumption). The criterion variations
would reduce the area under the ROC curve but not affect the
2afc performance, which is criterion free. Since this small
discrepancy is the only evidence against the decision-variable
assumption, the assumption will be retained for its great ex-
planatory value.

In sum, presumably as a consequence of incorporating the
decision-variable assumption, the uncertainty model predicts
the relation of yes—no and 2afe performance with reasonable
although not perfect accuracy.

(8.3)

9. CONTRAST DISCRIMINATION:
FACILITATION AND d' ADDITIVITY

A. Experimental Results

We can discriminate contrasts that differ by less than the
smallest contrast that we can detect. This phenomenon is
sometimes called facilitation or negative masking. The un-
certainty model exhibits this facilitation effect. Looking at
Fig. 5(a) one can see that when the uncertainty is high, the
distribution of the decision variable for contrast ¢/ = 2 is
nearly superimposed upon that for zero contrast, so these two
contrasts, 0 and 2, are indiscriminable. In other words, a
contrast of ¢/ = 2 is undetectable. The same difference in
contrast at a high pedestal level (e.g., ¢; = 4 and ¢y = 6) pro-
duces distributions with only modest overlap, so these two
contrasts, 4 and 6, are readily discriminated.

Nachmias and Kocher” and Nachmias and Sansburyl®
showed that facilitation may be related to the steepness of the
psychometric function for detection, i.e., the fact that d’isa
positively accelerating function of contrast. I will consider
only 2afc experiments, so d’ is /29 ~L(Pg.), where Py, is the
proportion correct. Nachmias and Sansbury!? showed that
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they could predict the d’ for discriminating two contrasts by
the difference in d values for detecting them. I call this
finding d additivity, although it has also been called z addi-
tivity!115 and constancy of discriminal dispersion.2?

Think of d’ as the distance between two contrasts along a
discriminability continuum, as illustrated below. Let d; J
represent the d’ for discriminating contrast ¢; and ¢;, where
c; is less than ¢;. Nachmias et al.7-19 found that discrimina-
bilities add:

dis=dyg+ds,

C1 ‘_di,z —rCa dlz,a > C3

c1 dis ¢3. 9.1)

Nachmias and Sansbury examined values of ¢, ranging from
0 to 0.0014, but they used only one value of cs. Foley and
Legge!! confirmed d’ additivity using several values of c,.

Nachmias and Sansbury!? explained both d’ additivity and
the dependence of detectability on contrast by the decision-
variable assumption with the additional condition that the
decision variable be Gaussian with constant variance. Inthat
case d’ will be proportional to the mean of the decision vari-
able on the signal presentation minus the mean on the blank
presentation, Any relation between d’ and contrast will imply
an identical relation between the mean of the decision variable
and contrast. Since the relation is typically nonlinear, they
called this model nonlinear transduction, although Tanner?
has pointed out that this name may be misleading (see Section
1).

Nachmias and Sansbury!® showed that, if the decision
variable is Gaussian with constant variance, then d’ additivity
must hold. However, they did not establish in general what
conditions are required for d’ additivity. Recall that any
strictly increasing transformation of the decision variable will
leave performance unchanged, including the property of d’
additivity. Thus Nachmias and Sansbury’s condition is
sufficient, but certainly not necessary, for d’ additivity. Given
the decision-variable assumption, I find the notion of d’ ad-
ditivity more useful than assumptions about the distribution
of the decision variable, because d’ additivity is a directly
measurable empirical property, whereas the distribution of
the human observer’s decision variable is unknowable.

Although the uncertainty model incorporates the deci-
sion-variable assumption, inspection of Fig. 5(a) shows that,
for near-threshold contrasts at high uncertainty, its decision
variable is far from Gaussian, and its variance increases with
contrast, at least at low contrasts. There is some evidence
that if human observers use a decision variable, then its
variance must increase with its mean.®? Thus human ob-
servers and the uncertainty model do not satisfy Nachmias
and Sansbury’s condition and therefore might not obey d’
additivity.

B. Predictions of the Uncertainty Model

By the decision-variable assumption (Assumption 1) the ob-
server chooses the interval producing the larger value of the
decision variable. The contrast-discrimination performance
of the uncertainty model may be calculated from our formula
for Pynl(c’) [Eq. (4.6)]. Let the two signal strengths to be
discriminated be ¢} and ¢;. Assume that only one sample is
stimulated by the signal, K =1. Then
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Fig.10. 2afc detection and discrimination of contrast of sinusoidal gratings. The solid curves are a fit of the uncertainty model to the detection
data (circles) and a prediction of the discrimination data (squares). The dashed curves show the prediction of d* additivity. The data are from
Foley and Legge.!! The vertical bars in (a} indicate the 95% binomial confidence interval. (a) and (b) Show the 0.5- and 8-c¢/deg results, re-
spectively. A similarly successful prediction was also made for Foley and Legge’s 2-c/deg results.

Pyn(c’l) =1- KI)(}\ - C’].)(I)M—l(}\)s
Pynlcy) =1 — (A — cx) @M1, (9.2)

These equations describe a ROC curve, and, by assumption
1, Psc(¢’) is given by the area enclosed:

A==
Prele’) = j; Pyn(c)dPyn(ch) (9.3)

=4

=1— e -y P2M—3 [ @ _
1 f_ L D= DB = (A~ )

+ (M = 1)®(A ~ c3) %";)" ()\)]d)\. (9.4)

The data of Foley and Legge confirmed d’ additivity for
human observers. Does this reject the uncertainty model?
Figures 10(a) and 10(b) show d’ as a function of the contrast
¢y in the signal interval for several values of the contrast ¢, in
the noise interval. The circles in Figs. 10(a) and 10(b) rep-
resent proportions correct for observer JMF in detection of
spatial frequencies of 0.5 and 8 c/deg, respectively. (A similar
figure was prepared for 2 c/deg but is not shown.) Each point
represents about 200 to 300 2afc trials. In Fig. 10(a) error bars
are shown for each point indicating the 95% confidence in-
terval based solely on the binomial distribution. Foley and
Legge also determined the best values (producing least square
error) of M and scale factor A (between ¢ and ¢’) to fit the
uncertainty model to their detection data. That fit is shown
by the continuous line running through the circles. As they
noted, it is a good fit. The squares represents proportions
correct in contrast discrimination.

The prediction of d’ additivity is indicated by the dashed
curves, which are just vertical translations of the detection
curve, i.e., ds; = dy — ds. The predictions of the uncertainty
model, using Legge and Foley's estimates of M and c/c’, are
shown as solid curves. There were no degrees of freedom in
either prediction. These data cannot reject either hypothesis.
The fact that the predictions are not identical shows that the

uncertainty model does not obey d’ additivity exactly.
However, the uncertainty model predicts these data as suc-
cessfully as d’ additivity does, and the extent to which the
uncertainty model fails to satisfy d’ additivity seems too small
to distinguish in a feasible experiment.

C. Conclusions

Facilitation is quantitatively described by d’ additivity. The
predictions of the uncertainty model and of 4’ additivity are
so similar that they cannot be distinguished by available
data.

10. SUPRATHRESHOLD CONTRAST
DISCRIMINATION AND NOISE MASKING

A. Suprathreshold Contrast Discrimination

Section 9 considered discrimination for near-threshold con-
trasts. Experimentally, graphs of threshold contrast incre-
ment Ac versus pedestal contrast ¢ have a dipper shape,10:56
The triangles in Fig. 11(a) show the typical result. (The O’s
and X’s will be explained below.) At subthreshold pedestal
contrasts they fall, bottoming near the threshold contrast of
the pedestal (indicated by the vertical arrow at 0.007), and
then rise at suprathreshold contrasts. The same thing is
shown more clearly in Fig. 11(b), where the increment and
pedestal contrasts have been normalized by the threshold
contrast « for detection. Again, consider only the triangles.
A fit by the uncertainty model (M = 1000, K = 1) is shown by
the solid curve. It follows the data as it drops from the de-
tection threshold of 1 down to about 0.3, but then it flattens
out and fails to rise as the data do at suprathreshold con-
trasts.

The uncertainty model fails to predict the rise because the
uncertainty has almost no effect on discrimination of supra-
threshold contrasts. At suprathreshold contrasts ¢ > « the
single relevant sample almost always®” produces the maximum

UoI)RIIJIUSP] PUB UOTIONS(]




=]
=]
.5
[}
2
=
ey
=1
D
]
L]
=
=l
<
=
=)
-5
5]
@
=t
)]
_Q

1526 J. Opt. Soc. Am. A/Val. 2, No. 9/September 1985
The effect of noise on contrast discrimination
3.3 ¢
Neiss spectral density
xe 9 107 ¢ ceg?
o O« @ 109 sec deg?
&= no nolse
<1 0.] = i —/ /._._..x X
2 " :
g - AX
% | aAX
5 o003l 87
5 8
= |
i)
0
@
5 0o
& Y
154 B
I thresholds
0.003 - Y l l for
|_/II ] 110 III L Ll dete?tlolﬁl IIIIlI
0 0.003 0.01 0.03 0. 0.3
Contrast c
(@)
The effect of noise on contrast discrimination
Noise spectral density .
E— xs 9 10 sec deg? ]
- o 2 1
u :l n:no:g: o dm A A §
~
g - a
3 o
+ A
] I a A o) 1
g R0 ° o
< 1Lx A 0 ] -
= : g S 9 3
v f o g X ]
i x
» A § 1
3 ¥ x 1
= 3 L 1
g0 ro )
3 L
I i 1 LA II[ (] L | ! ] 1 | - IJ
osl0i 0.3 1
Contrast c/a
(b)
Fig. 11. 2afc contrast discrimination in noise. (a) The vertical scale

is the just-detectable (82%-correct) increment in contrast Ac from
a pedestal contrast of ¢, represented by the horizontal scale. The
pattern was a 4-¢/deg grating. The thresholds for detection are in-
dicated by vertical arrows along the contrast axis. In two of the
conditions (O and X) white noise, uncorrelated-over space and time,
was added to the display. (b) Same as (a), but both scales have been
normalized by the threshold contrast o.

response on both intervals, so the M — 1 irrelevant samples
have almost no effect. This is apparent in Fig. 5(a); e.g., the
probability distribution function of the decision variable for
a normalized contrast of 6 is the same for uncertainties of 1
to 10,000. At suprathreshold contrasts the model performs
nearly the same as if there were no uncertainty, M = 1, that
is, nearly the same as the ideal detector of a signal known ex-
actly. It is well known that for this ideal the threshold con-
trast increment is independent of the pedestal.

Previous authors!96:58 have attributed the growth of the
increment threshold with the pedestal to an increase in in-
ternal noise level with pedestal contrast or to a nonlinear
compression of the signal before combination with a constant
noise level. Both of these explanations imply an increase in
the equivalent noise level with signal contrast, contrary to
Assumption 6. 1 believe that is the correct explanation: that
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the equivalent noise rises with physical contrast. A good way
to study the equivalent noise of many systems is to measure
the effects of adding more noise.

B. Method

The threshold contrast increment Ac over a pedestal contrast.
¢ for B2%-correct discrimination of ¢ and ¢ + Ac was measured
in a two-interval forced-choice paradigm, guided by the
QUEST? adaptive staircase procedure. The signal was a
4-c/deg grating vignetted in contrast by a Gaussian envelope
with a 1/e-space constant of 4° and a 1/e-time constant of 70
msec. The display always maintained a mean luminance of
300 cd/m?2,

In two of the conditions, white noise was added to the con-
trast function of the signal, producing random variations of
luminance uncorrelated over time and space. Noise level is
measured as power spectral density, that is, the contrast power
per unit spatiotemporal bandwidth, Contrast power is the
average of the square of the contrast function, i.e., contrast
power equals the square of rms contrast.

C. Effect of Noise Masking

The model performance does not depend directly on either
the signal or noise but only on their ratio, as embodied in ¢’.
Thus the only effect of adding noise is to increase the scale
factor A between physical and normalized contrasts. Perhaps
the easiest way to measure the change in scale factor is to
measure the ratio of thresholds for detection. Thus our graph
of ‘increment-threshold contrast versus pedestal contrast
should scale in proportion to detection threshold «. This
prediction will test Assumption 6, that the effective noise level
is independent of the signal contrast.

Figure 11(a) shows the increment contrast Ac versus the
pedestal contrast ¢ in the presence of three noise levels: zero
(triangles), 0.9 usec deg?, and @ usec deg2. First note that the
prediction is at least qualitatively correct. The noise increases
the threshold by more than a factor of 10, and the dipper shape
is preserved but scaled to the new threshold, so that the
minimum detectable contrast increment is now at pedestal
contrasts near the new'threshold for detection. For a more
precise test it is helpful to normalize all contrasts by the de-
tection threshold «.

Figure 11(b) shows the result. As noted above, the solid
curve shows the fit of the uncertainty model (M = 1000, K =
1). Atsubthreshold contrasts (c/ex < 1) the data points are
all in excellent agreement with one another and with the fit
by the uncertainty model. At suprathreshold contrasts, ¢/a
> 1, the data are scattered and do not agree well with the un-
certainty model.

D. Discussion

At subthreshold contrasts the prediction was successful,
supporting Assumption 6 that the equivalent noise is inde-
pendent of signal contrasts. However, the prediction failed
miserably at suprathreshold contrasts.

Return to Fig. 11(a) and examine the results at supra-
threshold pedestal contrasts, i.e., the handles of the dippers.
They all coincide. Although the three different noise levels
changed threshold dramatically, and strongly affected per-
formance at subthreshold pedestal contrasts, they had no
effect at suprathreshold pedestal contrasts. The easiest way
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to explain this is to accept the failure of Assumption 6 and
suppose that at suprathreshold contrasts the dominant
component of the effective noise is dependent only on the
physical contrast ¢ of the pedestal.

To account for the approximately 0.5 log—log slope of Ac
versus ¢ (see Ref. 60), the equivalent noise spectral density
would have to increase as approximately the unit power of c.
(L.e., equivalent noise rms contrast is proportional to the
square root of signal contrast.) This is intriguing, since the
noise would have to be of neural origin (photon noise is not
contrast dependent at low contrasts). Neural spike rate,
usually being an approximately Poisson process, has a vari-
ance proportional to its mean.

11. SUMMARY AND CONCLUSIONS

Here are the conclusions by section:

Section 2. The combination of the probability-summation
and decision-variable assumptions implies uncertainty and
a maximum-of decision rule.

Section 3. 'The motivation from signal-detection theory
was presented for a simple maximum-likelihood decision rule.
First, if the signals are equally probable, then this strategy is
optimal or nearly optimal, depending on the task. Second,
if the noise is white or Poisson, then the likelihoods may be
computed by linear receptive fields, so this model is physio-
logically feasible.

Section 4. A simple maximum-likelihood receiver (the
uncertainly model) was defined by seven assumptions. The
model’s performance depends only on the signal contrast and
four model parameters: uncertainty, signal extent, subjective
criterion, and a contrast-normalizing factor proportional to
noise amplitude.

Section 5. The uncertainty model exhibits the nonlinear
psychometric functions typical of human observers. For
yes—no psychometric functions the log-log steepness is linearly
related to the subjective criterion. For 2afc psychometric
functions the log-log steepness is linearly related to the log
of the uncertainty.

Section 6. The uncertainty model exhibits the same
yes~no and 2afe summation effects as human cbservers. A
new, stronger summation formula is derived that predicts the
effects of both signal extent and the log-log steepness of the
psychometric function.

Section 7. 'The uncertainty model exhibits approximately
the same effects of the subjective criterion on the yes—no
psychometric function as human observers. This is the first
successful quantitative explanation of these effects.

Section 8. Characterizing human observers’ yes—no psy-
chometric functions by the best-fitting parameters of the
uncertainty model successfully predicted the human cb-
servers’ 2afc psychometric functions.

Section 9. For contrast discrimination, the uncertainty
model exhibits the same facilitation effect as human ob-
servers.

Section 10. Because the uncertainty model is nonpara-
metric, its performance is unaffected by proportionate scaling
of the signal and effective noise amplitude. A contrast-dis-
crimination-in-noise experiment is analyzed to show that
human performance, for near-threshold signal contrasts, is
consistent with this prediction. Accounting for supra-
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threshold performance requires a modification of the model
to assume that the equivalent input noise power spectral
density increases in proportion to signal contrast, as has been
suggested by previous authors for other models,

This paper has argued that human observers asked to detect
or discriminate near-threshold contrasts act as though they
are uncertain among many signals and choose the likeliest.
That is, they make the same calculation that a simple maxi-
mum-likelihood receiver makes. This idea accurately predicts
effects of contrast, extent, subjective criterion, task, and noise
in visual contrast detection and discrimination.

APPENDIX A: HIGH UNCERTAINTY
JUSTIFIES CORRECTION FOR GUESSING

It will be shown that when fewer than about 1% of the samples
are relevant, K/M = 1%, then Assumptions 1-3 of the uncer-
tainty model satisfy the requirements for correction for
guessing of both yes—no and 2afc hit rates.

Correction for guessing asserts that the relevant-hit rate
P*(c) may be recovered from the hit rate P(c) by the formula
P¥(¢) = 1 — [1 = P(c))/[1 — P{0)]. This is proved by first
establishing that P = 1 — (1 — G)(1 — P*), which is given
only for yes-no, and then showing that the false-alarm
rate P(0) is approximately equal to the irrelevant-hit
rate G.

Proof for Yes-No
Let the false-alarm rate for each sample be F. The irrele-
vant-hit rate G is the probability sum of M — K samples,

G=1-(1-FMK (Al)

The false-alarm rate P(0) is the probability sum of all M
samples,

PO)=1-(1-F¥M (A2)
By substituting for F and rearranging we obtain
1-P(0)=(1 - G)M/M-K), (A3)

It is easily shown thatif 1 — p = (1 — g)1*¢, where 0= p = 1,
Osg=1,and0=¢thenl=p/g =1+e¢ Usingthisresult,
and taking 1 + ¢ = M/(M — K), we can conclude that

1= P0G = M/(M-K)=1.0101..., (A4)

since it was given that K/M = 1%. Since with even a thousand
trials the measured false-alarm rate will have a standard de-
viation of about 3%, relation (A4) is more than sufficient to
guarantee that the false-alarm rate and the zero-contrast ir-
relevant-hit rate will not be significantly different. Thus
correction for guessing will be valid whenever at most 1% of
the samples are relevant, K/M = 1%. This completes the
proof.

Proof for Two-Alternative Forced Choice

First I will show that there are two types of reasons for a cor-
rect response: relevant (i.e., contrast dependent) and irrel-
evant (i.e., contrast independent). The reasons are not ex-
clusive; a given hit may occur for several reasons. As illus-
trated in Fig. 3, let there be M variables, of which K are con-
trast dependent and M —~ K are contrast independent, There

UOI)BOIJTIUIP] PUR UOT}IIS([



s
=]
omy
P
]
S
L
=
P
=
M
-]
oo
g
=
-4
=]
(=
o
Pl
@
@
-
Q
=]

1528  J. Opt. Soc. Am. A/Vol. 2, No. 9/September 1985

will be two presentations: a signal presentation and a blank
presentation. The entire trial will generate 2M samples, M
from each presentation. All the samples generated on the
blank presentation are independent of the contrast of the
signal. Therefore, of the 2M samples, K are contrast de-
pendent and 2M — K are contrast independent. The con-
trast-dependent reason for getting the trial right, a relevant
hit, is that one of the K contrast-dependent samples exceeds
all the 2M — K contrast-independent samples. The con-
trast-independent reason for getting the trial right, an irrel-
evant hit, is that the largest of the contrast-independent
samples happens to occur on the signal presentation rather
than on the blank presentation. Second, since the two types
of reason are stochastically independent, the probability of
a correct response P(c) is the probability sum of the rele-
vant-hit rate P*(c) and the irrelevant-hit rate G,

Ple)=1-(1-G)1 - P*(c)]. (AB)

The probability G of an irrelevant hit is simply the proportion
of irrelevant samples that arise from the signal interval,

=(M - K)/(2M - K). (A6)

Third, since the zero-contrast hit rate P(0) is always 0.5 in
2afc, it follows that
1 < P(0)/G = 1.00505. .., (A7)

since it was given that K/M = 1%.
proof.

This completes the

APPENDIX B: ORTHOGONAL RECEPTIVE
FIELDS HAVE UNCORRELATED RESPONSES
TO WHITE NOISE

It will be shown that orthogonal receptive fields have uncor-
related responses to white noise. White noise is uncorrelated
over space and time.

Before beginning the proof, note that although zero corre-
lation is a weaker condition than stochastic independence, the
additional assumption (Assumption 5) that the noise is
Gaussian makes them equivalent. 1t is well known that linear
functions of a normally distributed function are jointly nor-
mally distributed. Furthermore, if two variables are jointly
normally distributed and uncorrelated, then they are sto-
chastically independent.5! Thus all orthogonal linear func-
tions of white noise are stochastically independent.

It will now be shown that samples produced by orthogonal
receptive fields stimulated by noise that is uncorrelated among
photoreceptors (e.g., photon noise) are uncorrelated. The
restriction to a spatial array of photoreceptors is merely to
make the language familiar; the result is general to all di-
mensions.

Proof. Let us number the photoreceptors in the retina from
1 to k. Designate the quantum catch in receptor i by n;.
Consider two linear receptive fields with outputs A and B,
which have been called samples. Each receptive field assigns
a weight (which may be positive, negative, or zero) to each
photoreceptor. Sample A assigns weight a; to the ith pho-
toreceptor, and sample B assigns weight b; to it. Thus the
samples are
.+ agny,

.+ brng. (B1)

A=a1n1+a2n2+..

B=bn; +bons +
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It is given, first, that the receptive fields are orthogonal,
i.e.,

(11b1 + agbg + ...+ akbk = 0. (Bg)

Second, the noise is uncorrelated from receptor to receptor
and is stationary, having mean u and variance 42 in every re-
ceptor. Now it must be shown that A and B are uncorrelated,
i.e., that the expected value of their product equals the
product of the expected values. The expected value of the
product is AviAB}:

AviAB} = Av{(ainy +asna + ...

+ apnpXbin; + bang + ...+ b}

= Avl b ainibjnj}~ (B3)

The product of the expected values is Av{AJAviBk

AV%AIAV‘B} = Av{alnl +asngt+ ...

+ apngtAvibin; + bang + . . . bengl

= Av{ > a,n,}AVl 3 by n,] (B4)

i=1,k J=Lk

Showing that the difference is zero will prove that A and B are
uncorrelated. We have

ainibjnj}

o

AV|AB} — AviAlAviB] = Av {Zl
=1

- Av[ ain;}AV L ¥ bjnj]' (B5)
i=Lk =Lk

The average of a sum is the sum of the averages, and since the
a’s and b’s are constant they can pass outside the average:

Z a;b; Avininii — ¥ a; Avingd X b Avingl
Z - i=1,k j=Llk
(B6)
It is given that Avin;} = u
Z a;bj Avlnini — T a;bju?
2 Sk
Z abi(Avinngt — u?). (BT

II “
;,-::-

1,

It is useful to treat the terms for which i = j separately from

those for which i = j:

= Za bi(Avin?) — u?) + T a:bj(Avinin;} — 1?). (B8)

ij

It was given that the noise was uncorrelated from receptor to
receptor, so when { > j we have Avin;n;} = Avin;JAvin;} = u?,
showing the right-hand sum to be zero. It was given that the
noise produced the same variance 02 in every receptor, so
Avin? equals 0%

= (g2 —u2) Zab; + 0. (B9)
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It was given that the receptive fields were orthogonal, so Z a;b;
is zero:

=0. (B10)

This completes the proof that the outputs of the two receptive
fields are uncorrelated.

If the proof seems counterintuitive, consider the simple case
ofa; = by =1landag =1, bg = —1, and all other a; and b; equal
to zero. The contributions to A and B from a; and b, are
positively correlated; the contributions from a; and by are
negatively correlated. The result is zero correlation between
A and B.

APPENDIX C: TWO-ALTERNATIVE FORCED-
CHOICE PROBABILITY SUMMATION BY THE
UNCERTAINTY MODEL

Does the uncertainty model satisfy the requirements for 2afc
probability summation? Appendix A has already shown that
the uncertainty model (Assumptions 1-3) with high uncer-
tainty (K/M = 1%) satisfies three of the four parts of the
probability-summation assumption for 2afc: (1) there are
relevant and irrelevant reasons for a hit, (2) they are sto-
chastically independent, and (3) we may correct for guessing.
What remains to be shown is that there are many independent
relevant reasons for a hit.

1t will be shown that the relevant-hit rate is approximately
equal to the probability that any of K independent relevant
events will occur. This is proven for the full uncertainty
model (Assumptions 1-7) with high uncertainty, K/M = 1%
and for the further condition that K + 1 is only a small root
of 2M:

log(K + 1) « log(2M). (CD

Proof. Asin Appendix A, the probability of a relevant hit
P*(¢’) is the probability that X is greater than Y:

1-PHc)=1-P(X>Y), (C2)

where X is the maximum of the K relevant samples X; and
Y is the maximum of the 2M — K irrelevant samples Y;. The
variables X and Y are independent. If the variance of X is
much greater than the variance of Y, then we may approxi-
mate the probability that X is greater than Y by the proba-
bility that X is greater than the mean of Y:

Ifox?2> oy, then P(X > V) = P(X > py). (C3)

In Fig. 5(a) the left-hand curve in each panel shows the
probability-density function of the maximum of M samples
from a normal distribution. As M rises from 1 to 10,000, the
curve becomes narrower and narrower, indicating that the
varianee is falling. The variance of the maximum of n inde-
pendent identically distributed normal samples with unit
variance is well approximated by 72/[121n(n + 1)]. (The error
is less than 20% at n = 1 and asymptotically approaches zero
with increasing n.) Thus the ratio of the variances of X and
Yis

gx?oy?=~In(2M - K + 1)/In(K + 1). (C4)

Given high uncertainty, K/M = 1%, and relation (C1), it fol-
lows that log(2M — K + 1) > log(K + 1),s0 0x2>» ay2 By
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assertion (C3) we may now write
1-PX>Y)=1-P(X>puy) (C5)

and

1-P(X; > uy), {C6)

o

U]
—

i

since X will fail to exceed wy only if all the K-independent
samples X; fail to exceed uy. Noting Eq. (C2), we have the
desired result:

K
1—-P*c) = [ 1—-P(X; > uy) (Cn
=1
We have shown that the probability that the observer will
make a relevant hit is approximately the probability that any
of the relevant samples will exceed the mean of the maximum
of the irrelevant samples. This completes the proof.

APPENDIX D: LOG UNCERTAINTY
SUBTRACTS FROM CONTRAST

For the uncertainty model, it will be shown that increasing the
uncertainty M beyond 100 + K is approximately equivalent
to subtracting 0.330 In[{M — K)/100] from the normalized
contrast ¢’. 'This allows us to predict the effect on 2afc de-
tection performance of increasing the uncertainty by a known
fraction, e.g., in an uncertainty experiment.

The desired result follows easily from a theorem concerning .

the asymptotic distribution of extreme order statistics.

Theorem ! (From Ref. 38, p. 65). Let X;,..., X, bein-
dependent Gaussian samples with zero mean and unit vari-
ance. Let Z, be the maximum of X,..., X,,. The cumu-
lative distribution functions are

P(X; <x) = d(x) = 1/v/27 f_ exp(—x%/2xd), (D1)

P(Z, <x)=PrX <x) = ®7(x). (D2)
Define

a, =2Inn)"2-05(Inlnn + In 47)/(2 In n)1/2, (D3)

b, = 1/(2In n)12, (D4)

Then, in the limit as n — «, the variable (Z, — a,}/b, hasa
double exponential distribution,

lim P(Z,b, + a, <x)=H(x), (D5)
or, equivalently,

lim P{(Z, ~ a,)/b, <x}, (D6)

where
H(x) = exp(—e™). (D7)

See Ref. 38 for proof.
It is easily shown that

H(x) = H*lx + In(n}} for all nn. (D8)

Unfortunately the convergence in Eq. (D5) to H{(x) is slow.
However, for n as large as 100 the approximation is quite good,
except in the tails3®52
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Hl{(x — a,)/b.} =~ P(Z,, < x) for n = 100. (D9)
Substituting from Eq. (D2),

=Pr{X <x) {D10)
= [P100(X < x)]r/100. (D11)
Substitute, using relations {D9) and (D10),
=~ [H{(x = a100)/bygo}] /1. (D12)
Now, by Eq. (D8), we have
= H{(x — a100)/b100 — In(n/100)},
that is,
Hi(x = a,)/bn} = H{(x — @100)/b100 — In(n/100)}.
(D13)

If this approximation were exact, then b,/b10p would equal
one and a, — [ajg0 + b100 In{r/100)] would equal zero. This
is nearly true; over a three-decade range, 100 = n = 100,000,
we have

1z ba/bioo = 0.64 (D14)

and
]an = @100 — D100 In{n/100)| = 0.08. (D15)

Applying relations (D9) and (D2) to relation (D13), we
have

Pr(x) ~ P10x — bigo In(n/100)}. (D16)

If M — K is larger than 100 we may use relation (D16) to
rewrite Eqgs. (4.6) and (4.7) as

Pyn(c’) = 1 — ®10R)PK (R — f¢’ — bigg In[(M — K)/100]}),
(D17)

Pya(0) ~ 1 — $199(}), (D18)

where b1go = 0.2330 [by Eq. (D4)], and the new subjective cri-
terionis A = A — bygo In[(M — K)/100). Since the subjective
criterion is not measurable, the change of variables from A to
X is innocuous; it does not matter which one the subject uses.
Note that M appears only once, and it is in a term that sub-
tracts from the normalized contrast ¢’. This shows that in-
creasing M — K beyond 100 is equivalent to subtracting bioo
In[{M — K}/100] from the normalized contrast ¢’. Yes-no
performance curves will translate unchanged along the con-
trast axis only if the false-alarm rate P,y,(0) is kept constant
by raising the subjective criterion A when the uncertainty is
increased. However, the subjective criterion plays no role in
2afc, so any graph of 2afc performance versus ¢’ will translate
to the right as M — K is increased beyond 100. This is ap-
parent in Fig. 6(b). Furthermore, it implies that the contrast
threshold should be linearly related to the log of M, as is
confirmed by direct calculation [see relations (5.3) and
(5.4)].

It follows that if P1(c’) is the 2afc hit rate for some uncer-
tainty M, (assumed greater than 100) and some experimental
procedure increases the uncertainty to Ms, then the new hit
rate will be

Po(e’) = Pyle’ = 0.330 In(Mo/M})],
where for clarity I have assumed that M; > K so that K may

(D19)

Denis G. Pelli

be neglected. Note that this prediction depends only on the
ratio of the uncertainties, M2/M,. Alternatively, we may
rewrite this in terms of physical contrast,

Pa(c) ~ Pyc ~ 0.330 A In(Mo/M))], (D20)

where P(c) and Py(c) are now the 2afc hit rate as a function
of physical contrast ¢ and A is the contrast normalization
factor, which may be estimated by means of relation (8.14).

There is a strong parallel between the double exponential
[Eq. (D7)] and the Weibull [Eq. (5.1)] distributions. Both
arise as asymptotic distributions of the maximum of many
independent identically distributed random variables. As
the number of variables is increased, the Weibull distribution
shifts unchanged along the log contrast axis, while the double
exponential shifts unchanged along the linear contrast
axis,38:52
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Erratum

There is a printer’s error in Eq, 4.2 on page 1516, The correct formula for the cumulative
normal integral is:

o) =-—~21~»~ exp(-12/2) dt. 4.2)
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